a 


ae 


Digitized by the Internet Archive 
in 2022 with funding from 
Kahle/Austin Foundation 


https://archive.org/details/integralcalculusO000jose 


INTEGRAL CALCULUS 


FOR BEGINNERS 


MACMILLAN AND CO., Limrrep 
LONDON * BOMBAY * CALCUTTA * MADRAS 
MELBOURNE 
THE MACMILLAN COMPANY 
NEW YORK * BOSTON * CHICAGO 
DALLAS * ATLANTA * SAN FRANCISCO 
THE MACMILLAN COMPANY 
OF CANADA, LIMITED 
TORONTO 


INTEGRAL CALCULUS 


FOR BEGINNERS 


WITH AN INTRODUCTION TO THE STUDY OF 


DIFFERENTIAL EQUATIONS 


BY 


JOSEPH EDWARDS, M.A. 


FORMERLY FELLOW OF SIDNEY SUSSEX COLLEGE, CAMBRIDGE 


MACMILLAN AND CO, LIMITED 
ST. MARTIN’S STREET, LONDON 


1932 


COPYRIGHT 
First Edition 1894. 


Reprinted 1896, 1898, 1900, 1902, 1904, 1907, 1909, 1912, 1915, 1918, 1919, 
1920, 1923, 1925, 1928, 1932. 


PRINTED IN GREAT BRITAIN 


PREFACE. 


THE present volume is intended to form a sound 
introduction to a study of the Integral Calculus, 
suitable for a student beginning the subject. Like its 
companion, the Differential Calculus for Beginners, 
it does not therefore aim at completeness, but rather 
at the omission of all portions of the subject which 
are usually regarded as best left for a later reading. 

It will be found, however, that the ordinary pro- 
cesses of integration are fully treated, as also the 
principal methods of Rectification and Quadrature, 
and the calculation of the volumes and _ surfaces 
of solids of revolution. Some indication is also 
afforded to the student of other useful applications 
of the Integral Calculus, such as the general method 
to be employed in obtaining the position of a 
Centroid, or the value of a Moment of Inertia. 

As it seems undesirable that the path of a student 
in Applied Mathematics should be blocked by a 
want of acquaintance with the methods of solving 
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elementary Differential Equations, and at the same 
time that his course should be stopped for a sys- 
tematic study of the subject in some complete 
and exhaustive treatise, a brief account has been 
added of the ordinary methods of solution of the 
more elementary forms occurring, leading up to and 
including all such kinds as the student is likely to 
meet with in his reading of Analytical Statics, 
Dynamics of a Particle, and the elementary parts of 
Rigid Dynamics. Up to the solution of the general 
Linear Differential Equation with Constant Coeffi- 
cients, the subject has been treated as fully as is 
consistent with the scope of the present work. 

The examples scattered throughout the text have 
been carefully made or selected to illustrate the 
articles which they immediately follow. <A consider- 
able number of these examples should be worked 
by the student so that the several methods explained 
in the “book-work” may be firmly fixed in the 
mind before attacking the somewhat harder sets at 
the ends of the chapters. These are generally of a 
more miscellaneous character, and call for greater 
originality and ingenuity, though few present any 
considerable difficulty. A large proportion of these 
examples have been actually set in examinations, and 
the sources to which I am indebted for them are 


usually indicated. 
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My acknowledgments are due in some degree to 
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fessor Greenhill’s interesting Chapter on the Integral 
Calculus, which the more advanced student may 
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NOTATION, SUMMATION, APPLICATIONS. 


1. Use and Aim of the Integral Calculus. 


The Integral Calculus is the outcome of an en- 
deavour to obtain some general method of finding the 
area of the plane space bounded by given curved 
lines. 

In the problem of the determination of such an* 
area it is necessary to suppose this space divided up 
into a very large number of very small elements. 
We then have to form some method of obtaining 
the limit of the sum of all these elements when 
each is ultimately infinitesimally small and _ their 
number infinitely increased. 

It will be found that when once such a method of 
summation is discovered, it may be applied to other 
problems such as the finding of the length of a curved 
line, the areas of surfaces of given shape and the 
volumes bounded by them, the determination of 
moments of inertia, the positions of Centroids, ete. 

E. IC, A € 
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Throughout the book all coordinate axes will be 
supposed rectangular, all angles will be supposed 
measured in circular measure, and all logarithms 
supposed Napierian, except when otherwise stated. 


2. Determination of an Area. Form of Series to 
be Summed. Notation. 


Suppose it is required to find the area of the portion 
of space bounded by a given curve AB, defined by 
its Cartesian equation, the ordinates AL and BM of 
A and B, and the z-axis. 


Let LM be divided into n equal small parts, LQ,, 
Q,9,, 2.93, ---, each of length h, and let a and 6 be 
the abscissae of A and B. Then b—a=nh. Also if 
y=9(«) be the equation of the curve, the ordinates 
LA, Q,P,, Q,P., ete., through the several points L, 
Q,, Q,, ete., are of lengths g(a), d(a+h), d(a+2h), ete. 
Let their extremities be respectively A, P,, P,, etc., 
and complete the rectangles AQ,, P,Q., PQ, ete. 

Now the sum of these 1 rectangles falls short of 
the area sought by the sum of the ” small figures, 
AR,P,, P,R,P,, etc. Let each of these be supposed 
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to slide parallel to the x-axis into a corresponding 
position upon the longest strip, say P,_1Q,-1.MB. 
Their sum is then less than the area of this strip, 
2.é. in the limit less than an infinitesimal of the first 
order, for the breadth Q,-1M is h and is ultimately 
an infinitesimal of the first order, and the length 
MB is supposed finite. 

Hence the area required is the limit when h is 
zero (and therefore 1 infinite) of the sum of the 
series of m terms 


hp(a)+ho(at+h)+h¢(at2h)+...+ho{a+(n—I)h}. 
The sum may be denoted by 


at+rh=b-h atrh=b—-h 


S o(atrh).h or >) g(atrh).h 
atrh=a atrh=a 


where S or > denotes the sum between the limits 


indicated. 
Regarding a+rh as a variable a, the infinitesimal 


increment h may be written as dv or dz. It is 
customary also upon taking the limit to replace the 


symbol S by the more convenient sign iE and the 


limit of the above summation when h is diminished 
indefinitely is then written 


| p(o)de, 
and read as “the integral of ¢(x) with regard to x 
[or of $(a)dx] between the limits «=a and #=b,” 
or more shortly “from a to 6.” 
b is called the “upper” or “superior limit.” 
a is called the “lower” or “inferior limit.” 
The sum of the n+1 terms, 


ho(a) +ho(ath)+...+hpfat(n—1)h} +ho(a+nh}, 


differs from the above series merely in the addition of 
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the term hp(a+nh) or hp(b) which vanishes when 
the limit is taken. Hence the limit of this series 
may also be written 


ow 


3. Integration from the Definition. 


This summation may sometimes be effected by 
elementary means, as we now proceed to illustrate :— 


b 
Ex. 1. Calculate / dx. 


Here we have to evaluate 
ree orfe* etth 4 eatehy 4 evtn-1h), 
where b=a+nh. 


This SI Gig ieee ae = Lite? - 6)" 


=e —e*, 
-1 
[By Diff. Cale. for Beginners, Art. 15.] 


r=n—-1 
Ex. 2. To find [cae we have to find Zt >) (a+rh)h, where 
a r=0 
nh=b—a. 
Now Latrhyh=ah nthe, MV 


=a(b- a) +P = 9G -a—-h), 
and in the limit becomes 


= (b-a)y (b-ayb+a) 8 @ 
a(b—a)+ hae et oy 


b 
Hx, 3) TLonind J aie we have to obtain the limit when A is 


indefinitely diminished of 
1 1 iL 
at (anne @4oh 
1 1 1 |e 
>| watt GERGE Tt HEED 


i 
aaa h. 


This is 
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5 i 1 af 1 1 1 
ae > (2-45) + (sara) ++ G- aa) 
heals 
a b+h 


1 1 1 
ne <| @=pataeept team 


ere tear 
<(=4,-2)+(4-s4) ++ (G4-3) 


alge 
a-h b& 
and when / diminishes without limit, each of these becomes 
Aad 
a b 
Thus ie ee 
@ sb 


Ex. 4. Prove ab initio that 


b 
i} sin « dx=cos a—cos 6. 


a 


We now are to find the limit of 
[sin a+sin(a+h)+sin(a+2h)+... to n terms]h, 


sin(a-+n—T%)sinnl 
z.e. of ee ee where nh=b— a. 
ain 5 


This expression = [ cos(a - a) — cos {a +(2n — 1)- Ng 


=| cos(a—“) - cos (d pie 


which when 4 is indefinitely small ultimately takes the form 
cos a—cos 6. 


6 INTEGRAL CALCULUS. 


EXAMPLES. 
Prove by summation that 


b 
Te [ortdae*—er* 


a 


b > 
2. | sinh «dx =ccsh 6 — cosh a. 


a 


| “de =O 
3 


(t) 


be 


oa 
ee ne 


5. feos 6d0=sin b—sina. 
4, Integration of 2”. 


As a further example we next propose to consider 
the limit of the sum of the series 


Ala" +(a+h)™+(a+2h)y™+...+(a+n— 1h)”, 
b—a 


where h= : 
n 


and n is made indefinitely large, m+1 not being zero. 


Vase —ymtt 


[Lemma.—The Limit of Wade is m+1 when A is 


hy” 
indefinitely diminished, whatever y may be, provided it be of 
finite magnitude. 
For the expression may be written 


m+1 
(1 +4) oI 
pa eES £ een 
y h 2 
and since f is to be ultimately zero we may consider htc be 


less than unity, and we may therefore apply the Binomial 


Theorem to expand (2 7 , whatever be the value of w-+-1. 
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(See Diff. Cale. for Beginners, Art. 13.) Thus the expression 
becomes 
—f[inepeteape J 
=7-+1 +h x (a convergent series) 
=m-+1 when A is indefinitely diminished. ] 
In the result 


Lt =0 


m+1_ ynym+l 


de y aie =a, ath, a+2h, ete....a+(n—I)h, 
and we ge 
yaetemenam _ 7 (at 2h — (a hy 
ha™ hiat+h)™ 

(a-+3h)"41— (a+ 2hymt) _ 

h(a+2h)™ 
(a+tnh)™!~(a+n—1h)™*1 
h(a+n—1h)™ 


= Lt 


=ILt 
=m+1; 
or adding numerators for a new numerator and de- 
nominators for a new denominator, 
li (a+ nhyrtt—qmt} 
hla™+(a+h)y™+(a+2hym+...+(a+n-1h)™] 
or 
Ltpaoh[a" + (a+h)”+(at2h)"+...+(a+n—1h)”] 
bmri mid qmtt 
Toney 


In accordance with the notation of Art. 2, this 
may be written 


b g bm+1— qmtl 
e ae aaa ae alla 


=m+l, 


a 
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The letters a and 6 may represent any finite quantities what- 
ever, provided x” does not become infinite between v=a@ and 
aw: 

When a is taken as exceedingly small and ultimately zero, it 
is necessary in the proof to suppose / an infinitesimal of higher 


order, for it has been assumed that in the limit : is zero for 
all the values given to y. 


When b=1 and a=0, ultimately the theorem be- 
comes 


u eee a 
J Cte re if m+1 be positive, 


or =oo if m+1 be negative. 


This theorem may be written also 


jie o| ()" ae ire +("=)" |= me 


according as m+1 is St or negative. The hmit 


Unerl (G) +G) +--+ G) 


or, which is the same thing, 


nN 


differs from the former by = z.e. by 0 in the limit, 


and is therefore also ome ae according as m+1 is 


positive or negative. The case when m+1=0 will 
be discussed later. 


Ex. 1. Find the area of the portion of the parabola y*=4ax 
bounded by the curve, the z-axis, and the ordinate s=c. 
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Let us divide the length ¢ into 2 equal portions of which 
NM is the (r+1)™, and erect ordinates VP, MQ. Then if 


H 
po 


A NM K 
Fig. 2. 


PR be drawn parallel to VW, the area required is the limit 
when 7 is infinite of the sum of such rectangles as PM (Art. 2), 
r=(n—-1) 
we. Lt=PN.NM or Lt > N4a.rhh 
r=0 
where nh=c. 
Now = traf Vh+N2h4+N3h+... +N (n— DA] 
1 1 1 sf 
Sti Pep eee ee Os a g 
ne 
eae). [By Art. 4.] 
wo. Area=3V 4a c? =%en/4ac 


= of the rectangle of which the extreme ordinate and abscissa 
of the area are adjacent sides. 


roles 


Ex. 2. Find the mass of a rod whose density varies as the 
mth power of the distance from one end. 

Let a be the length of the rod, w its sectional area supposed 
uniform. Divide the rod into m elementary portions each of 


length @ The volume of the (r+1)th element from the end 
n 

of zero density is 0, and its density varies from (=2)" to 

(atte) Its mass is therefore intermediate between 


nN 
- m 
wot. and waar tL)” 
rth nrth : 


10 INTEGRAL CALCULUS. 


Thus the mass of the whole rod lies between 
wamti LEI" +3" +. .+(n—1)” 


neti 


amt LP + 2"-+3™4 0.2 


gmt 


and 


and in the limit, when 7 increases indefinitely, becomes 


wat 


m+1 


5. Determination of a Volume of Revolution. 


Let it be required to find the volume formed by 
the revolution of a given curve AB about an axis 
in its own plane which it does not cut. 

Taking the axis of revolution as the «-axis, the 
figure may be described exactly as in Art. 2, The 


Fig. 3. 


elementary rectangles AQ,, P,Q,, P.Q;, etc., trace in 
their revolution circular discs of equal thickness, and 
of volumes 7A L?, LQ,, rP,Q,?. Q,Q,, etc. The several 
annular portions formed by the revolution of the 


portions AR,P,, P,R,P,, P,R,P,, etc., may be con- 
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sidered made to slide parallel to the a-axis into a 
corresponding position upon the disc of greatest radius, 
say that formed by the revolution of the figure 
Pi-1Qn-1NB. Their sum is therefore less than this 
disc, 7.e. in the limit less than an infinitesimal of the 
first order, for the breadth Q,-,N is h, and is ulti- 
mately an infinitesimal of the first order, and the 
length VB is supposed finite. 

Hence the volume required is the limit, when h is 
zero (and therefore infinite), of the sum of the series 


T{p(a)Ph+ ri plath) Pht al plat 2h) VPh+ Ae 
_ tar{g(atn—ihy}%h, 


or as it may be written 


r{ Loe) Pde or rf y?de. 


a a 


Ex. 1. The portion of the parabola y?=4ax bounded by the 
line x=c revolves about the axis. Find the volume generated. 


{ e 


Fig. 4. 


Let the portion required be that formed by the revolution of 
the area APN, bounded by the parabola and an ordinate PN. 
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Then dividing as before into elementary circular laminae, we 
have 


Volume=7 [ Pda = 4am I; das san’ (Art. 4.] 


Bye 2 dor PV 2 AN 
= cylinder of radius PN and height AW. 


[Or if expressed as a series 


Volume= 4ar / oe dx 
0 
ntort8f(2)+(2)+(2)+-4() 
nu\n n n n 
=4ar. ou 2amc’. | [Art. 4.] 


Ex. 2. Find the volume of the prolate spheroid formed by the 


revolution of the ellipse a =1 about the z-axis. 


Dividing as before into elementary circular laminae whose 
axes coincide with the x-axis, the volume is twice 


[ “rytda. 
x) 
Now il “rytdee = if Pay, — x°\dx 
0 cme 
which, according to Article 4, is equal to 
i anos - = or $rab', 
SP 


and the whole volume is 47a6? ; 
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[or if desirable we may obtain the same result without using 
the sign of integration, as 


ron-l 
2. Diee Sob at.t P2) 
ri, @ nm nN 
OV aii 
a2) pyawe 
=$7rab?] 
EXAMPLES. 


1, Find the area bounded by the curve y=e*, the x-axis, and 
the ordinates r=a, x=b. 

2. If the area in Question ] revolve round the z-axis find the 
volume of the solid formed. 

3. Find by the method of Art. 2, the area of the triangle 
formed by the line y= tan 0, the z-axis and the line 2=a. 

Find also the volume of the cone formed when this triangle 
revolves about the x-axis. 

4, Find the volume of the reel-shaped solid formed by the 
revolution about the y-axis of that part of the parabola y*=4axr 
cut off by the latus-rectum. 

5. Find the volume of the sphere formed by the revolution of 
the circle #?+¥4?=a? about the x-axis. 

6. Find the areas of the figures bounded by each of the 
following curves, the z-axis, and the ordinate x=; also the 
volume formed by the revolution of each area about the x-axis : 


(a) #=a*x. 
(B) f=as, 
(y) aly =a". 
(8) a@y=z3+ax%, 
7. Find the mass of a circular disc of which the density at 
each point varies as the distance from the centre. 
8. Find the mass of the prolate spheroid formed by the 


revolution of the ellipse v?/a?+y?/b?=1 about the #-axis, sup- 
posing the density at each point to be px. 
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GENERAL METHOD. STANDARD FORMS. 


6. Before proceeding further with applications of 
the Integral Calculus, we shall establish a general 
theorem en will in many cases enable us to infer 
the result of the operation indicated by 


ow 


without having recourse to the usually tedious, and 
often difficult, process of Algebraic or Trigonometrical 
Summation. 


7. Prop. Let (x) be any function of « which is 
finite and continuous between given finite values a 
and 6 of the variable x; let a be <b, and suppose the 
difference b—a to be divided into 7 portions each 
equal h, so that b—a=nh. It is required to find the 
limit of the sum of the series 

h[ p(a)+ p(a+h)+ p(at2h)+...+.¢(6—-h)4+ (b)], 
when h is diminished indefinitely, and therefore » 
increased without limit. 

[It may at once be seen that this limit is finite, for if d(a+rh) 
be the greatest term the sum is 

<(n+1)hkh(a+rh), 
1.€. <(b-a)f(a+rh)+hd(at+rh), 
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which is finite, since by hypothesis ¢(2) is finite for all values of 
x intermediate between 6 and a. | 


_ Let (x) be another function of « such that ¢(a) is 
its differential coefficient, 2.e. such that 


p(x) =a). 
We shall then prove that 


Lt, oh (a) + g(at+h)+o(a+2h)+...+.9(b)] =Vv(b)-YW(a). 
Si aintan eee g eee) 


and therefore ¢(@)= (ACs . a, +a, 


where a, isa quantity whose limit is zero when h 
diminishes indefinitely ; thus 


h(a) =vV(a+ h)—V(a) +ha,. 
Similarly 
ho(a+h) =V(a+2h)—VW(a+ h)+ha,, 
h¢(a+2h) =vY(a+3h)—V(a+2h)+ha;, 
etc., 
ho(at+tn—l1h)=\a+nh)—W(a+n—Ih)+han, 
where the quantities ag, a3, .--, am are all, like a,, 


quantities whose limits are zero when h diminishes 
indefinitely. 
By addition, 
h[ p(a)+ p(a+h)+ p44 2h)+...+.h(b—h)] 
=VW(atnh)— Ya) +h[a,+a,t...+an], 
Let a be the greatest of the quantities a,, a, ..., an, 
then 
h[ay+ag+...+an] is < nha, te. <(b—a)a, 


and therefore vanishes in the limit. Thus 


Lty oh p(a)+ p(ath)+ p(at2h)+...+¢(b-h)] = V(b)-(a). 
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The term hg(b) is in the limit zero; hence if we 
desire, it may be added to the left-hand member of 
this result, and it may then be stated that 


Ltradhl 9a) + (ath) +... + 60-2) +9 Q)]=¥0)-¥-(@), 
Bir | po)de= Xd) WK. 


a 


This result ¥(b)—vV(a) is frequently denoted by the 
notation [v@)]. . 


From this result it appears that when the form of 
the function W(«) (of which ¢(a) is the differential 
coefficient) is obtaimed, the process of algebraic or 


> 
trigonometric summation to obtain | pode may be 
avoided. a 


The letters b and a@ are supposed in the above work 
to denote jinite quantities. We shall now extend our 


notation so as to let | pdx express the limit when 
b becomes infinitely large of W(b) —y(a), 2.2. 
| Mada= Liye. | (oe. 


a a 


Similarly by Kow we shall be understood to 


mean & 


GARONA OND Ss Ltaaw| (ede. 


a 


Ex. 1. The differential coefficient of 


Hence if ¢(v)=2” we have 


(ev) = and “ "adr = 


a5 alpine ae 
m+1 P y i 


Omri qmti Ort1_ qgmtt 


mel wel nae 


gmtt 
m+1 
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Ex. 2. The quantity whose differential coefficient is cos x is 
known to be sinz. Hence 
[eos a dxz=sin b—sin a, 


Ex. 3. The quantity whose differential coefficient is e* is 
itself e*. Hence 


b 
| edx=e —e*. 


a 


2 d 
E . 4, —tdr= — =] = (6 p=) —. (9-0 = 
x i e-*dx lity } [ Jog (—e-*) -(-e)=1. 


EXAMPLES. 


Write down the values of 


b 1 72 3] 
He | aMdz, a, it BMolie. 3. | Ba, 4, / =a, 
& 
a 0 2 


1 


3 i i 
Ds i cos 7 da, 6. if sec2z dx, i | secxtan xdz, 
0 0 0 
34 1 1 a b 
8. | i Tape fe 9. | a ee 10. / (~+cos x)da. 


8. Geometrical Illustration of Proof. 
The proof of the above theorem may be interpreted geo- 


metrically thus :— 
Let AB be a portion of a curve of which the ordinate is finite 


and continuous at all points between A and BS, as also the 
tangent of the angle which the tangent to the curve makes 
with the w-axis. 

Let the abscissae of A and B be a and 6 respectively. Draw 
ordinates AV, BM. 

Let the portion VM be divided into 2 equal portions each 
of length 2. Erect ordinates at each of these points of division 
cutting the curve in P, Q, &, ..., etc. Draw the successive 
tangents AP;, PQ, QA, etc., and the lines 

AP», PQ, Qh, siciei9. 
parallel to the z-axis, and let the equation of the curve be 
y=(x), and let yx) =$(2), 
then (a), d(a+h), f(a+ 2h), etc., are respectively 
tan P,AP,, tan@,P@,, etc. 
1 Vix Cb B 
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and hd(a), Af(a+h), ..., are respectively the lengths 
I2I2, OX, Vindiae, NES 
Now it is clear that the algebraic sum of 
P,P, QQ, RoR, .... is MB-WNA, we. W(b)—W(a). 
Hence 
P2Py+Q2Q1 4 Roky +... +[PyP+ Ot... J=VO)-¥@ 


Now the portion within square brackets may be shewn to 
diminish indefinitely with 4. For if 2, for instance be the 
greatest of the several quantities P,P, QQ, etc., the sum 

(P.PLOO+..) is <aRR e. <(b- ah, 
But if the abscissa of @ be called x, then 

LR, =(a),  Ryky=hy'(«), 
and LR=y(w +h) = Wx) + h(a) + yet O), 
(Diff. Cate. for Beginners, Art. 185.] 

so'that RR= LV (0+ )=E Gor 6h), 


and = (b — aR LO Ong at 6h), 


which is an infinitesimal in general of the first order. 
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Thus 
Linao [PoP1+ QQ + Bk, +...]=Wb)- (a), 
or Lh h[h(a)+ Path) + f(at+2h)+...+ h(b-h)]=W(b)-wW(a). 
Also since Lt,~»hp(b)=0, we have, by addition, 
Ltyaohl h(a) + f(a t+h)+ $(a+ 2h) +...+.6(6)]=W(b) - Wa). 


9. Interrogative Character of the Integral Cal- 
culus. 


In the differential calculus the student has learnt 
how to differentiate a function of any assigned char- 
acter with regard to the independent variable con- 
tained. In other words, having given y=y(«), 
methods have been there explained of obtaining the 
form of the function y/() in the equation 


aE =a), 


The proposition of Art. 7 shews that if we can reverse 
this operation and obtain the form of W(x) when y(a) 
is given we shall be able to perform the operation 


b b 
| o@de, 16. | V@e, 

by merely taking the function (a), substituting b 

and @ alternately for 2 and subtracting the latter 

result from the former; thus obtaining 


Wb)- Vv). 

We shall therefore confine our attention for the 
next few chapters to the problem of reversing the 
operations of the differential calculus. 

Further, the quantity 6 has been assumed to have 
any value whatever provided it be finite; we may 
therefore replace it by w and write the result of the 
proposition of Art 7 as 


[peyde= Wo) Wa) 
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10. When the lower limit @ is not specified and 
we are merely enquiring the form of the (at present) 
unknown function y(a#), whose differential coefficient 
is the known function ¢(«), the notation used is 


[pede = Ye), 


the limits being omitted. 


li. Nomenclature. 
The nomenclature of these expressions is as follows: 


['plorde or W)—ya) 


is called the “definite” integral of ¢(x) between limits 
a and b; 


| glade or W(x) —y(a) 
where the upper limit is left undetermined is called 
a “corrected ” integral; 


[ode or ya) 


without any specified limits and regarded merely 
as the reversal of an operation of the differential 


calculus is called an “indefinite” or ‘“ uncorrected ”’ 
integral. 


12. Addition of a Constant. 


It will be obvious that if ¢(x) is the differential 
coefficient of y-(x), it is also the differential coefficient 
of W(x)+C where C is any constant whatever; for 
the differential coefficient of any constant is zero: 
Accordingly we might write 


[ode Sd yewtl 


This constant is however not usually written down, 
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but will be understood to exist in all cases of in- 
definite integration though not expressed. 


13. Different processes of indefinite integration 
will frequently give results of different form; for 


ai 
Je 
is the differential coefficient of either of these ex- 
pressions. Yet it is not to be inferred that 


sin~'w = —cos—!z, 
But what is really true is that sin-!% and —cos-!x 
differ by a constant, for 


; ee 1 
instance | 00 18. sin-"2 or —cos~'z, for ———— 
a/ 1-2? 


sin“lx4-cos“te= 5 . 
1 A 
sO that |= sin- la C 
wi — x i 
aL 
or —=—da = —cos!a+C", 
\e — 2? ia 


the arbitrary constants being different. 


14. Inverse Notation. 


Agreeably with the accepted notation for the in- 
verse Trigonometrical and inverse Hyperbolic func- 
tions, we might express the equation 


[pode = Wor), 


as (5) e@)=vo) 
D-*$(@) =x), 
or (2) =x); 


and it is occasionally useful to employ this notation, 


22 INTEGRAL CALCULUS. 


which very well expresses the interrogative character 
of the operation we are conducting. 


15. General Laws satisfied by the Integrating 
Symbol | dx. 


(1) It will be plain from the meaning of the 
symbols that 


Jl ot@)de is ota), 
but that e p(x)dax is p(«)+any arbitrary constant. 


(2) The operation of integration is distributive ; 
for if w, v, w be any functions of az, 


SA fu ao-+ fv dn-+ | dus) =uUutv4+w; 
and therefore (omitting constants) 
Ju da+ le da+ | dx = ic +v+w)da. 


(3) The operation of integration is commutative 
with regard to constants. 


du 
da 


For if = =v, and a be any constant, we have 


d du ; 
dn) = AF = a; 
so that (omitting any constant of integration) 


au= Jaw da, 


or aly da= Jaw da, 


which establishes the theorem. 
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16. We now proceed to a detailed consideration of 
several elementary special forms of functions. 


17. Integration of x”. 


. a te Ce 5 
By differentiation of feel we obtain 
ad ght 
da n+1_ = 


Hence (as has been already seen in Art. 4 and in 
Art. 7, Ex. 1) 


gnrtl 
ada = ——. 
n+1 


Thus the rule for the integration of any constant 
power of « is, Increase the index by unity and divide 
by the index so increased. 


For example, 


EXAMPLES. 
Write down the integrals of 
Vy GBs tly Oy BE, EEE Ge. 


Pe OL GE Ge 


3 
eth 
CS LE CI Cary HOE 


b 


Cc 
5. ae + 5p a+ ba + a5 


axt+tbrt+e ax*+ba1+e 
ge er a i 
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18. The Case of x1. 
It will be remembered that «-! or Z is the differ- 


ential coefficient of log x Thus ; 


1 
[jae = log a. 


This therefore forms an apparent exception to the 
general rule 


19. The result, however, may be deduced as a limiting case. 
Supplying the arbitrary constant, we have 


n+l 1 
[ordn== py es Ly 
n+l n+1 


where A=C+ zara 
n+l 
and is still an arbitrary constant. 
Taking the limit when n+1=0, 


get = 


takes the form log a, 
[Diff. Calc. for Beginners, Art. 15.) 
and as C is arbitrary we may suppose that it contains a nega- 


together with another arbitrary 


tively infinit tion — 
ively infinite portion aa 

portion A. 

Thus Lip { arde=log “+A. 


20. In the same way as in the integration of a” 
we have 
© (aa byt = (n+ 1)a(aa+b)” 


and og (an+d)=— eee 
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41 
an erefore [Cow b)"da an b a 
da 1 
and le hey qog(aw +5). 
[For convenience we shall often find ! da 
: , ax+b 
; x da 
printed as (& 7? | Cris dx as ly ete. | 
EXAMPLES. 
Write down the integrals of 
Lan, 2 A4-t,, 0-2, a— 2, 
9% # a+2 i 
i 0 BE? GA 
Mi i 1 1 
“ata a—ba” (a-2Y (4-2) 
ae! 1 1 15 ede 1 
* qe 


(a-ayF 


21. We may next remark that since the differential 
coefficients of [¢()]"** and of log g(a) are respectively 


a+¢2°a—-x% 2+a' “2-a@ (ate)? 


Nd’ (a nD $(@) 
(m+ p@)'e@) ana LO 
m+1 
we have [leery wax = ior 
and {3 da =log $(«). 


The second of these results especially is of great 
use. It may be put into words thus :—the integral of 
any fraction of which the numerator is the dofferential 
coefficient of the denominator is 

log (denominator). 

For example, 

Qax+b 


Tat ba ot a 1Oel an? + ba +e) 
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cos : 
cotadz = |—d“« = logsing, 
sin & 
—sin 
tansde =— [ dx= —log cos r=log sec x, 
cos £ 


et —e-* 
dx =log(e*+e-*). 
[peel te) 


EXAMPLES. 
Write down the integrals of 


ae N pk e 7 nr 
1. (e?+a)"e*, rae (ax? + ba+c)"(2axr +b). 
e+e" — sec*’x 2av+b 
“@-e* tana (ax*+ba+e)* 
1 


Te? i 1 
tan'z’ Jji—gsin-ly «loge 


2 


22. It will now be perceived that the operations of 
the Integral Calculus are of a tentative nature, and 
that success in integration depends upon a know- 
ledge of the results of differentiating the simple 
functions. It is therefore necessary to learn the table 
of standard forms which is now appended. It is 
practically the same list as that already learnt for 
differentiation, and the proofs of these results le in 
differentiating the right hand members of the several 
results. The list will be gradually extended and a 
supplementary list given later. 


PRELIMINARY TABLE OF RESULTS TO BE COMMITTED 
To Mrmory. 
gntl 


n+1 


23. [onde = 


[jae = logea. 
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ae 
fee eae 
log.a 

[erae =e, 3 
feos ade = sing. | 
fain ade =—cos2. 
[sect dx = tana. 
eoseete dex = —cot x. 

sin x 

—e = secxr 

cos2a 

‘COS x 

oy de  =—cosec2. 
sin2z 


Jean adx =logseca. 


ley edx =logsin~z. 


eae ne 
Sil or —cos-!-- 
Jem a 2 Y o 
1 : 
Gee =- tan- or —~— cot 
a a. a a 
dx 1 : ec 
~ sec-!— or —-=- cosec™*— 
tr/a?—a? a a 
dx ae eo 
= vers-!— or — covers~/— 
r/ 20a — a a a 


24. It is a help to the memory to observe that all those 
integrals of the above list which begin with the letters “co,” 


£ Cg eee 
as cosx, cos~', covers~'~, etc., have a negative sign prefixed to 
a a 
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them. The reason is obvious. Each of these functions decreases 
as w increases through the first quadrant ; their differential co- 
efficients are therefore negative. 

Also it is a further help to observe the dimensions of each side. 


: < : de. 
For instance, « and a being supposed linear, | ———— is of zero 


oy 2 

Na? — a? 

dimensions. There could therefore be no — prefixed to the in- 
a 


tegral. Again / aon is of dimensions -1. Hence the result of 
integration must be of dimensions -1. Thus the integral could 
not be tan="= (which is of zero dimensions). The student should 
therefore have no difficulty in remembering in which cases the 


factor is is to be prefixed. 
a 


EXAMPLES. 
Write down the indefinite integrals of the following func- 
tions :— 
ial L Gi a oe 
2+V £+V #41 a+) a*+0"™ 
2.2%, 243%, atbt+c% 


a : 
33 cos"S, cos*v.sinz, tan"xsec?x. 


a 


4. cotw+tan x, cos i aise ‘ 
sina sin*# 
5. ul 1 il 
Ni-a? 942? gaa 
6 1 1 1 as 


Nea aN 9-8 V8—-2e? 4427 
7, tan-z sin—z secle 
14+ a? Sta? ae -1 
wt+te  cotx 1 
a+? logsing x sec x. Ve —L 


CHAPTER III. 


METHOD OF SUBSTITUTION. 


25. Change of the Independent Variable. 


The independent variable may be changed from“~ 
to z by the change «= F(z), by the formula 


[Paw =|V Gas 


V being any function of «. 


Or if we write V=j@), 
the formula will be 


\f (a)da = \ { F(z) | F’(2)dz 


To prove this, it is only necessary to write 


v= | Vda; 
then ae = 
da 
But du _ du da _ pi 


dz dxwdz dz 


whence = w= [VS Ke de 
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tan 
Thus to integrate iB a pde, let tan—w=z. Then 


1 de 
' 1l+2? dz 

and the integral becomes 
etan-le dy 
[SS +a? dz 


=1, 


Ci fe *dz=e? = etan tx, 


26. In using the formula 


[rode=| FOP Ode 


after choosing the form of the transformation w= F(z), 
it is usual to make use of differentials, writing the 
equation 
dx 
dz 


the formula will then be reproduced by replacing dx 
of the left hand side by F’(z)dz, and x by F(z). 

Thus in the preceding example, after putting tan-lv=z, we 
may write 


, tan - lx 
BO a) and ik ue 7 de = | ede=ete. 
1+.22 1+? 


=P(zy as da=F(e)dz; 


27. We next consider the case when the integration 
is a definite one between specified limits. 
The result obtained above, when «= F(z) is 


ez = [fFOv@ dz. 


Let S(e)=(@), 
thea [fede = yy(a) +0; 


and if the limits for x be a and b, we have 


| Fade = yr) — ya) 
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Now when t=O ei +g): 
and when e=b, z=F-\(6). 
d 
Also AE) = AF}, 


amd fF) =“ Re) = SFO}, 
whence 

F-1) F-1e 

| fF@we@da=[ “PrrO)a: 

F-\a) F-\a) 
=VFF 1) }J-YLFtF(a)}] 
=W(b)—YWa); 

so that the result of integrating f{F(z)} F(z) with re- 
gard to z between limits #’-'(a) and #-(b) is identical 


with that of integrating f(x) with regard to x between 
the limits a and 6. 


Ex. 1. Evaluate ies cos Vx dz. 
x 
Let v=2, and therefore dv=2z dz ; 


3 Ik; cos Nar da = { Leoss. 2edz=2 cosede=2sinz=2sin Js. 
x z 


Ex. 2. Evaluate / «cos vda. 
Let «?=z, and therefore 3x°dx=dz ; 


2 [cos Oe — 3 | cos zdz=t sinz=tsin 2. 


Ex. 3. Evaluate i ete 
4 V1 +22 


Put «=tan 0, then dz=sec?0 dé ; 
when z=0, we have 0=0, 


when «=1, we have O=7 5 
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ec 
=| sec 6 |F=see™ —sec 0=V2—1. 
0 


. f nice w= [BEE sect do = [see O tan 6d0 
J Ji +x 4 S) ah 


dz 
e~+e-* 


Ex. 4. Evaluate i f [¢.e. 4 af sech x dz]. 
0 


Let e*=z, then e"dz=dz When x=0, z=1, and when v=i, 
z=e. Hence 


1 a = 
fi a =i ve = [ tan-¥ |= tan-te—tan-11 Stan 
paces ie tame 1 PER | 


The indefinite integral is tan~e”. 


EXAMPLES. 


1. Integrate —e*cos e” (Buty er%=2), 
(es COS on (Ebene tz) 


E cos(log 7) (Put log x=z). 


2. Evaluate = 72), ion ie a (Put =z). 


, ae*sin e* +b tanh x. 


bx? 
3. Integrat COS 
ntegrate ac ee lt 


4, Evaluate (ee (Put #+1=z2). 
a 342742? 
5. Evaluate ( Be aoe (Put #+1= 
5 — Qn — 0 
3 
6. Evaluate | sae ra 28 oa, (Put #-1=2). 
, (2-1 Na? — 2x 
il 
7. Evaluate / ae Put 2=2?), 
2 wv(1 +.) ¢ ) 
1 
8. Evaluate iE ee 
JaNl—ax 


9. Evaluate / — ies 
2a 7-1 
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Note oN THE HYPERBOLIC FUNCTIONS. 


28. Definitions. 


For purposes of integration it is desirable that the 
student shall be familiar with the definitions and 
fundamental properties of the direct and inverse 
hyperbolic functions. 

By analogy with the exponential values of the 
sine, cosine, tangent, etc., the exponential functions 

et —e-% er +e-% et —e-% 
ate ee 2 ee 
are respectively written 
sinha, cosh, tanhag, ete. 


etc. 


29. Elemeutary Properties. 
We clearly have 


Ko —-2\ 2 0 p-H\ 2 
cosh2a — sinh*x =(° ee ) -(° g ) =] 


9 2 
Y y. i 
2 Dry ome aad 
sech 2-+tanhts = (5 + fe Gere a 
e—e-* sinha 
LO a epee me ao 
bot gen toe cosh a 1 


e—e-* sinha tanhz 


: Le —2\ 2 0 p-O\ 2 5 
cosh2x + sinh2x =(° ze y+ g ) 


2 Wi 
e2% e7% 
pay = cosh 2a 
9 J 
: ete —e-% ev +e-% e2% _ @- 2% , 
2 sinh # cosh @=2-— —-—5 — = 9 =sinh2z, 


with many other results analogous to the common 
formulae of Trigonometry. 
E. I, C. 
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30. Inverse Forms. 


Let us search for the meaning of the inverse 
function sinh~1z. 


Put enh 5247 == 7), 
ey—e-y¥ 


then c=snh y= sae 
-. ey —Qxrey—1=0, 

and e=xtr/1+a% 

Thus y =log(a + /1+2°), 

and we shall take this expression with a positive sign, 

viz., log (a+ el +2?) as sinh ~lg. 


31. Similarly, putting cosh-1z%=y, we have 


x =cosh y= — 
and e*Y —27e7+1=0 
and v=atn/ a’—1, 
whence y =log (a + »/x?—1), 


and we shall take this expression with a positive sign, 
viz. 


> 


log (a+ /a?—1) as cosh”, 


32. Again, putting tanh-17= y, we have 


Cea! 
«=tanh y ene 
and therefore ery = Muy 
l—2 
whence tanh-17=4 log ate 


l—-a 
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Similarly coth-!x=4 log ee 
33. We shall thus consider 


: au i x a? az 
sinh~'— synonymous with log pal af OF 
a a 


omer 
cosh!” 7, SS nonymous with log w+ a/a?—a? 
tanh-= synonymous with $ log ——, 


and 


coth-= synonymous with 4 log 


34. The Gudermannian. 


Again, the function cos~'sech w is called the Guder- 
mannian of w and written gd wu. 


it x2=cos~'sech w, 
cos «=sech wu, 
sin 2=~/1—sech2u =tanh uw, 
tanh wu 


= sinh w. 
ech w 


and tan 7= 


Hence 
gd w=cos~'sech w=sin~'tanh w=tan- Iginh w. 


35. Further, if w=log tan(7 a a) 


4 2 
1+ jane 
2 
we have = ee : 
1—tan- 


2 
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Ge GMI 
whence tan; = ae 
Hy ev —] 

y tang e+ 1 

and tan i em) 3 Le pee 
1—tan"s 1-(S>5) 
ez — 1 ene Ca J 
= TD >= =sinh wu. 

Hence e=tan-1sinh w=od u. 
Thus log tan @ _ 3) = dae, 


the inverse Gudermannian of @. 


EXAMPLES. 
Establish the following results :— 
The / cosh «daz=sinh «x. 4, i cosech2x dz = — coth x. 
Th. [sion «x dx#%=cosh x. 5, — “de =-—seche. 
cosh2z 
3. ih sech2a dx =tanhwz. 6. i cosh Vda =-—cosechs. 
aie 


7. Writing sg for singdwz, etc, establish the following 
results :— 


(a) Jes odu=s2d x. 


(B) Bs dAx=se x. 


(y) ee Us 
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1 1 
36. Integrals of Op and. Uae ar 


Fd Ae 
The differential coefficient of ee een is 


; 1 
plainly Tae 
dx atJ/eta. w 
Thus ; = = A eee ae = sinh- ee 
Similarly los ss i ee —cosh- -. 


37. In the inverse hyperbolic forms these results 
da 


: eect, 
resemble that for the integral | eer, viz., sin~ "> 


and the analogy is an aid to the memory. 


38. We might have established the results thus :— 
da 
de=acoshudwu and »/x*+a?=acosh wu. 

a= duu sinh“, 
Similarly putting «=a cosh u, we have 


| da = [eee (du =u = cosh%, 


J/e2—a J asinhw 


Integrals of /a?—2?, Ja? +22, J/x?—a?. 


To find | 


put «=a sinh u, then 


Hence 


39. To integrate /a?—2?. 
Let =a sin 6; 
then dx =a cos 0 dé, 
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and |v e—ada= feos dé 


=a[ thos 26 16 


a? 


; a? 
4 sin 20+ 2? 


? a 
= fasin 8.acos0+ 50 


Son7s a 
ee ee ee 
or |\Va=ede= / 5p) sin-*. 


40. To integrate /a?+a2. 


Let 2=a sinh z, 
then da=a cosh z dz; 


then since 1-+sinh?z=cosh2z, 


we have |v a? +arda = a? ecosh?s dz 


a 
= { \(cosh 22+ 1)dz 


2 2 
a. azz 
== inal Wes 
4 a) 
' a 
3a sinh z.acosh z+ 3% 


Aaa 2 
1.€. [ Je rate oF uh sinh“ 


2 


ne oo ae 
ae AES Ege ee 
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41. To integrate /x?—a?. 
Let 2=a cosh z, 
then da=a sinh zdz; 

then since cosh?z—1=sinh?’z, 


|v ae —a?da= a? sinh®z dz 


a? 
= F{(cosh 22—1)dz 


2 
_a az 
sinh 2z —-— 
ae 2 
2 
: are 
= }asinh z.a cosh z——-, 
3 —+—s ar/er—a a? a 
1.0. x? —a?da= —=cosh-!-, 
[v 2 2 a 
trn/a2—a? a a+ n/a? — a? 
or ; —~—__— — = log —————_-- 
2 ee a 


42. If we put tanw=t, and therefore sec’a da =dt, 
we have 


[sects da = jv 1+dt 
= Se Sas 4 log(t+ JI+é ae t?), 
[by Art. 40.] 


= ae 4 log(tan x+sec 2), 


gin a 
2 cosa 


g) +sin a 
—sinw 


or +4 lo 
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43. Integrals of cosec x and sec «. 


Let tan ae taking the logarithmic differential 


if Ae dz da _ dz 
78k da= ep ME Sige 
roa = + 
2, 
Thus [eosee a dx= \2 = log z=log tan - 


In this example let «= a+ y. 


Then da= dy, 
a hate 
and [see y dy =log tan é + 7 
Hence [sec x dx =log tan (= +3) or gd-ly. 


44. We have now the 


ADDITIONAL STANDARD FORMS, 


ls =log ae eS =sinhe . 
ieee a =log conn ere = cosh“ 
|Ve=Pda= pea gin ~ =. 
1 et+ada= see +2 ES “sinh =: * 
|v xe —wde= eee = Seosh 12 

a 


ie 


METHOD OF SUBSTITUTION. 41 
da =log tan 
cosec w da = log tan5. 


[sec ede =log tan(7 oo S)= ed-"x. 


EXAMPLES. 
Write down the integrals of 
or st 7? Ss =) Vi-2?, Vel, VIi+a% 
: : : » Nx? +22, oe ——— 
Nat+20 N24+2n—2? Vx?—In +2 oN te = a? 
av £ ae? gS 


oe ile 


Ate ot a2)2, (@+1)(a?+ 204+3)?. 


. cosec2x, Pees ck 


Ni —a? Vat N12? oe 
~ INZ*+1, (©+1)N2?+1 


oa 


LO 
2 


H24+9%43 22497438 4742743 
ay, > N41? Nat totl 


zi! 1+ en/ 142, Ges 
rea 1-2 7-2 


il 1+tan2e 1 
cos’z—sin2z7’ 1—tan22’ 3sinx—4sin3x 


1 1 
sintvtcosx asinzx+bcosx 


. Deduce if cosecxdx =log tan 5 by expressing cosec wv as 


1 x x 
1f cot” +-tan = ). 
(<9 oe an 5) 


Find / secu dz by putting sinv=z. ; 
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12. Show that | sec 7 da =cosh~\(sec «). 


13. Integrate 
1 1 1 
xloga wlogxlog(log xy x log x log(log z)log{log(log x)) 
1] 
aia aa) ... Fay’ 


when ("x represents log log log...z, the log being repeated 
y times. 


“b 
15. Prove 08" de=}log( 2) log(ab), 
; a 
; [St. PeTER’s Cott, etc., 1882.] 


CHAPTER IV. 
INTEGRATION BY PARTS. 


X 45. eee “by Parts” of a Product. 


& dv. du 
Since £ (un) = us, +y—— wig 
: dw 
it follows that UW = \us ua vd +o da, 
or Init =w— [ose da. 


If w= (2) aaa ave) so that v= |yadde, the 
above rule may a written 
J oeonn(wyde = (x) ite de | - \v@) [ fucorde | da, 
or interchanging ¢(a) and (2), 


[oeryrea)den=yrta)| | gorda |—fywr| fords Jaw 


Thus in integrating the product of two functions, if 
the integral be not at once obtainable, it is possible 
when the integral of either one is known, say ¥(«), to 


connect the integral 
[oonorde 
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with a new integral Je] |y@ae Jac 


which may be more easily integrable than the original 
product. 


46. The rule may be put into words thus :— 
Integral of the product ¢(a)W(a) 


= 1st function x Integral of 2nd 
—the Integral of [Diff. Co. of 1st x Int. of 2nd]. 


Ex. 1. Integrate x cos nz. 
Here it is important to connect if possible / acosnu da with 


another integral in which the factor # has been removed. This 
may be done if # be chosen as the function d(x), since in the 
second integral $'(z), z.e. unity, occurs in place of z. Then 


Pe)=2, W(r)=cos nx, / W(x)da = — c 
Thus by the rule 


sin 27 sin nv 
[o cos nv da =x — fi aay 
n n 


_,sinna 1 ( _ COS =) 
nm nN n 


sin nx. COSNX 
=. . 
n n2 


47. Unity may be taken as one of the factors to aid 


an integration. 
Thus fiog wde= | 1 log ada 
=wlogx—- Je 20g x)da 
=x log x — fra 
=x(log x -1)= 2 log, (2). 
e 
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45 


48. The operation of integrating by parts may be 


repeated several times. 


na ; 
2sin nx ! 
Thus i x°cos nx dg =~ SN” _ i Of teas ne hee, 
n 4 n 


n 


and J ersin ned =a(—~S8"2) — fy, (208% de 
n 


sin 2 
finally, i cos na dy = Eh". 
n 


Bocce J 208 eae _ asin nx ab “cosnx sin ey 
n n n n* 


_a’sinne Q2xecosn7z 2%sinne 
n n ne 


49. If one of the subsidiary integrals returns into 
the original form this fact may be utilized to infer the 


result of the integration. 


ibs, IL [ e“sin ba dx =*"sin ba — b i e““cos ba da, 
: a a 


ett b 
and i; e“cos ba dz =——cos ba+— / e“sin ba dx ; 
a a 


therefore, if P and Q stand respectively for 


i e“sin badx and i; ecos ba dx, 


we have aP + bQ=e*sin bz, 
and —bP+aQ=ecos bz, 

ara sin bv —b cos ba 
whence IPG PAB 


uf 
=(a?+b*) *esin (d — tan} 2) 
a 


es pax sin ba +a cos br 


and q@ BEB 


=(a?+ b%) 2e%cos (be —tan- : ). 
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The student will observe that these results are the same that 
we should obtain by putting n= —1 in the formulae 


GENO) IN 4 oy poe Ia ae) 
(|) é coset = (4 +07)? 6% g| Ov +n tan ate 
[Diff. Calc. for Beginners, Act. 61, Ex. 4.] 


And this is otherwise obvious. For if to differentiate 


eM bn) i is the same as to multiply by a factor Va?+0? and to 


increase the angle by tan-!-, the integration, which is the 
a 


inverse operation, must divide out again the factor Va?+02 


and diminish the angle by tan-1, 
a 


Ex. 2. Integrate Va?—.«? by the rule of integration by parts. 


A lee 
| Va? = 0? dx =a a? — x? — | e— (Va? — a )dex 


[Note this step. | 
=aN a? = 0? + asin = lifes — x da; 


whence, transposing and dividing by 2, 


which agrees with the result of Art. 39. 
Ex.3 Integrate e*sin’x cos*x. 


3a 3% 
ae ae e 
Here ¢*sin*z cos7— re sin?27 cos 7 = ail — cos 4x)cos x 


= ig (2eteos x —e*cos 37 — e*cos 5x). 
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Hence, by Ex. 1, 


[esin® ‘xn cosa da “as cos( w - tan-1*) 


ae 7 cos( 32 - a) ee Lcos( 50 tan-12) |. 


[Compare Ex. 16, p. 55, Dif. Cale. for Beginners, putting 
n=-—1 in the result. ] 


EXAMPLES. 


Integrate by parts : 

1. xe, xe, xe*, xcosha, x*cosh x. 

2. cosa, x*cos x, 7cos 2x, x cos*s, # cos*s. 

3. “SIN C08 2, £ SID Hsin 2a sin 34. 

4, #logx, x"log x, x"(log x)”. 

5, @sin x cos 7, e*sin x cos & COs 24. 

6. e“sin px sin gx sin rx. 

7. Calculate i “x sin « da, i “2 sin2x dx, i) "sin aw da. 
0 0 0 


2 
. 8. Show that ee da =" 


9. Integrate i sin da, / asin—l¢ dz, | sine dix. \ 


50. Geometrical Illustration. 


Let PQ be any arc of a curve referred to rectangular 
axes Ox, Oy, and let the coordinates of P be (a, y,), 


and of Q (Dy ¥ 
aboted AN. Git be the ordinates and PN,, QM, the 


abscissae of the points P,Q. Then plainly 
area PN MQ = rect. OQ—rect. OP —area PN, M,Q. 


But area PNMQ= Jy dex, 


% 
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and area PN,M,Q= [2 dy. 
Thus \y dt = (LY, — LyYo) — fe dy. 
% % 


Let us now consider the curve to be defined by the 
equations 
a= p(t) =u, say, 
and y=V(t) =, say, 
and let ¢, and ¢t, be the values of ¢ corresponding to 


the values 2, Yo, and «,, y, of « and y respectively. 
We then have 


% Xq to 
1 zy 1 dv 
and | x dy =| udu = | uaat, 
Yo % fo 
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so that the equation above may be written 


ec a 


and thus the rule of integration iy parts is established 
geometrically. 


51. Integrals of the Form 
)ursin na da, [iveos nx dx. 


Reduction formulae for such integrals as the above 
may readily be found. Denote them respectively by 
S, and C,,. Then, integrating by parts, we have at 
once 


COS 
Sin = — 7 aes —Cn- 1> 
min ne mm 
aid C,, = ——S,-1 
70 
Thus 
mlOS NH ee m {sin ne m— it 
IS at at gue SES 5, | 
v0 
sinnxn m cosne | m— 1 
and G em ——]}| -—a"- 1__ = Cae 2 | ry 
n nN n 7) 
g Las inne m(m—1) y 
4.€ =— ma 2 
is n n? n? gon 
sin nx _,cosnx m(m—1) 
and C,, = ie er BUY Oe me Ones. 


Thus when the four integrals for the cases m=0 
and m=1 are found, viz., 


SoS [sin nx da= — 


K. I, C. D 


COS NX 
10) 


? 
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sin na 
o,=| cos na da = ra) 
: ; COsSne . SIN NH 
$= |e sin nw da= —wx : + aa 


‘ sin ne , cos nw® 
C.=|zcosnada= @ 


n 


> 


» 
ih 
all others can be deduced by successive applications of 
the above formulae. 


52. Extension of the Rule for Integration by 
Parts. 


If wand v be functions of @ and dashes denote 
differentiations and suflixes integrations with respect 
to a we may prove the following extension of the 
rule for integration by parts, 


fe V Ae = UY, — WV, + Wg — WY + a 
+ ( == 1 Bk c ta sn= Do, =“ ( ae 1)" | we dex, 
where w’-) is written for wu with n—1 dashes; for 


Juve =U, — [wide 


[uot = 4L'Vs — |u'vda, 
Ju’rsde =", — |woycte, 
Mt, rg ae at at, 5 

wv da = wv, — fu vada, 


ete. = ete. 


fuss —2)y,, A= WM- Dy, — fue “Do, 10, 


fuss “Dyn_1de=wr-Yy, — JusPendx 


INTEGRATION BY PARTS. 51 


Hence adding and subtracting alternately 
fue da=uUv,—wv,+u'v,—w'U, + .. 


+(—1)"-!u-Yo, +(-1 y*| wenden, 


Ex. 1. If we apply this rule to i a”e“da, we immediately 
obtain 
& 


eX et 
Be da = a" — — ma" + mm —1)0"-* 
a a? a 


pe et 
—m(m—1)(m—2)x gerne Bi Gee La 


Ex. 2. It will be at once seen that the integrals 
if a™sinnedx and i; x™cos nx dx 


of the last article may be treated in this way. 


EXAMPLES. 


Write down the integrals of 
1. ae”, z®cosh xz, x*sinh x. 
2. sina, «sina, zsin2x, xsin x cos x. 


us us 1 
3. Evaluate iF asin v2 dx, / 2cos x dx, i we%da. 
0 


0 0 
53. The determination of the integrals 
ene sin ba dx, Jerrem cos ba da, 


may be at once effected. 
For remembering 


sin ein 
[eoseibar dar =o a(02— 9) 


oe b 
where r= r/o? +6? and tan ¢= a 
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we have 


eee Oa TE 
are“sin-be da = oesin (ba — p) -—,—e“sin (bu —- 2¢) 


pee 1) -2¢003in (bx—3¢)—... 


+(- 1)" n_etsin (be— 2+ 14), 


or et { P sin ba—Q cos bx} 
where 
2 gna a 
P= — 008 = 1 5 CoS 2h + 0( (1 COS Sp—.. 
IGE aoe 
ee. sin ¢—"— 5 in 2g -+n(n— 1) el eee 
Similarly 


[orerteos ba dx =e {P cos bx+Q sin ba}. 
Ex.1. Integrate i we*sin 2 dx. 
; é +. T 
Since [esin nde = 2 ‘esin( w ~ ) 


1 2 
: 3 ne as Fas 
we have [ s8esin «de =a82 ‘esin( a - a — 3222 ‘etsin( = a) 


+62. 2 tersin( « — or) -— 6. 2 esin(e— 7) 
=ete. 
Ex. 2. Prove 
Bint 
! (r+)a a 
a —e yo r p) 
fe e*sin « dx=e 26 1) —— a at 2 Fsin{ oe =a ° 
EXAMPLES. 
1. Integrate (a) i GI pi. (d) / tan-lv dx. 
(b) | wv*sin— an da. (e) i tan x da. 


(c) d: U8eC7L Ax. (f) / cos? dle 
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2, Integrate (a) iC eens Sa e e (c) / MINT LA ee 
— 428 < A+x 
asin — @g 9. lh ee 
(b) ae dx. (a) Je Sites N/a aa 
¢ 2 a 


3. Integrate (a) ee 6 gm tan- ae 
ee 4 A +27)? 
m tan — oo mm tan — 
b los d iF es in 
( ) ata ( ) +a He 


4, Integrate (a) [eine + cosa)ade. (d) [e coshas sin bada. 
(0) / ave’sin2a dx. (e) if “727 sin Qe da. 


(c) Jeosh axsinbada. (f) Joos {0 log} de 
a 


5. Integrate fos ¢ sin-z da. 

Ge 
6. Integrate Gai 
Tinteorate poses 6+A/cos 26) 6. 


—cos?9 {a, 1891.] 


8. Integrate ie cos 20 log(1+tan 0)dé. 


[y, 1882. ] 
gl+sin #7 
Be aegrote {!) | 1+cos#2 es [MaruH. Tripos, 1892. ] 
,l—sin zy 
b heh 
x! ) fe masa [a, 1892.] 
10. Prove that [us da = uf it [oF vt de, 


11. Integrate if (a sin2x+ 26 sin # cos a +c cos*x)e*de. 
[a, 1883.] 
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12. Show that if w be a rational integral function of a, 


du, du .d%u } 
de dpn ds as? 


[eeu dxz= acre u —@a 


where the series within the brackets is necessarily finite. 
[Trrn. Cott., 1881.] 


13. If w= if e“cos bada, v= / e“*sin bx dx, prove that 
tan12 4 tan-12 = 02, 
u a 
and that (2+ b*)\(u? +07) =e", 


14, Prove that 


m+1 h 
[ondos a2)yde= = Ti (log a)” — a - | nog oy da. 
Also that 
m+1 
Prue ] y ” ol ee [e -, n qr-1 n(n = V)jn—2 
fe eee) ae m+) m+1 * Gae 1p 
_nn—1Y(n— 2)in—3 (- 1)"ial, (- we) 
Gaik. fGen 


where / stands for log w. 
15. Prove that 


. acos bx 1 
(i.) / e*cos"ba da = ba nb ; = Bit patel 
a+nb 


ts es dy / e“cos"— "bar dx. 
a+n7b? 


(ii.) / e*sin"badx =25™ ee = es bo parsinn bey 
a+ n?d? 
mn ze 1) 2 


a e“sin” ba dx. 
a+n7b? 


+ 
(BERTRAND. ] 
16. Evaluate {| 2” log(1 —.«*\dax, and deduce that 


4 Lares eT 8 2 
15 Ge70s 9" oe 


log,2. 
°8 [a, 1889.] 


CHAPTER V. 


RATIONAL ALGEBRAIC FRACTIONAL FORMS. 
PARTIAL FRACTIONS. 


ALGEBRAIC FRACTIONAL FORMS. 


54. Integration of 


1 1 
Page: and ugr< a). 


Either of these forms should be thrown into Partial 
Fractions. Thus 


a. . ales a @ : “Jt 
z = (log (e—a) —log (#-+a)] 
=5 Ve aa [ = ~= coth == | 
la a ale = ata z 5) 


= lve (a+a) —log (a—a)] 


pe log tt? | = * tanh |. 
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(Compare the forms of the results in square brackets 
with the result before tabulated for —, : 
a+ ae 


| da 1 ee) 
5 3= tan : 
ata a a 


dx ; 
aw’?t+ bate 


if da il da 
hey r=-{ b eal ee 


V1Z., 


55. Integration of | 


fs a 
as Ceae OR 4a? 
> ee 
' a Die 622 
(« a wa) 2 4a? 


we take the former or the latter arrangement ac- 
cording as b? is > or < 4ae. 
Thus if 6? > 4ac, 
oe 3 2aa+b—»/b?—4a0 
r/b? — 4ac Sapa aes 
2 2ae+b 
or SS COUN 
r/b? — 4ac »/b? — 4ac 
If b? < 4ae, 


=> ———— ta Saas SS 
a/ 4ac— b2 oe r/4ac — b? 
2 _1 2ax+b 
ee OO) aj 
r/ 4ac—b? r/4ac—b? 
These expressions differ at most by constants, but in 
any given case a real form should be chosen. 


or 
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56. Integrals of expressions of the form 


pet 
, ax*+be+e 
can be obtained at once by the following transforma- 
tion pb 


pet+q _p (2ax+b) ig Dai 
aw+be+te 2a ax+tbate' aw+bet+e 


the integral of the first part being 


f log (ax?+ba-+c), 


and that of the second part being obtained by the last 
article. 

[The beginner should notice how the above form is 
obtained. Jt is essential that the numerator of the 
jivst fraction shall be the differential coefficient of the 
denominator, and that all the a's of the numerator 
are thereby exhausted. | 


Ex pa a—|[2 Qa+4 Jax 
; Pte! 2 x24 4a+5 ara 
= log(x?+ 4a + 5)—2 tan“"(w +2). 


57. Although the expression px+q may be thrown 
into the form 


P (2an-+d)+q—e 
by inspection, we See proceed thus :— 
Let pu+tg=rA(2Qax+b)+ pu, 


where \ and u are constants to be determined. Then 
by comparing coefficients, 


giving =e and M= 9-97" 
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EXAMPLES. 
Integrate 
ei xvdux Ths [scene 
J 42043 3422-2? 
2. f uv dx 5 (~—1)? Fie 
‘. w+ 2e+1 | EEE 
o+l 97? +32+4 
Sn Gio | Se ae: 
a . a*+62+10 is 


58. General Fraction with Rational Numerator 
and Denominator. 


Expressions of the form a oS y where f(x) and ¢(x) 


are rational integral algebraic functions of «, can be 
integrated by resolution into Partial Fractions. 

The method of putting such an expression into 
Partial Fractions has been discussed in the Differential 
Calculus for Beginners, Art. 66. When the nwmerator 
is of lower degree than the denominator the result 
consists of the sum of several such terms as 

A A Azv+B d Az+B 

x—-a (#—-a)” ax+bate ii [(a+a)?+ 67] 

And when the numerator is of as high or higher 
degree than the denominator we may divide out until 
the numerator of the remaining fraction is of lower 
degree. The terms of the quotient can in that case 
be integrated at once and the remaining fraction may 
be put into Partial Fractions as indicated above. 


Now any partial fraction of the form = 


- integrates 
at once into A log (w—«a), e 


Any fraction of the forn ay integrates into 
Pe A 
r—1 (@—a)-t 
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Any fraction of the form coe ea 


cussed in Art. 56. a+ ba + ¢ 

And when any repeated quadratic factor such as 
[(a+a)+b?]" occurs in g(x) giving rise to partial 

Ax+B 
[(w@+a)?+*] 
‘a fraction by the substitution «+a=b tan 0, by aid of 
Art. 67 or Art. 83. 

But it is frequently better to factorize (v+a)?+0? 
into its imaginary conjugate factors w+a+.b and 
“z+a— ib, and obtain conjugate pairs of partial frac- 

P+.iQ a P=. 
(e+tat+iby  (e+ta— iby 
then be integrated and the result reduced to real form 
by aid of De Moivre’s Theorem, as in Art. 63, Diff. 
Cale. for Beginners. 


has been dis- 


fractions such as we may integrate such 


tions of the form which may 


v2 +pe+g 
59, Ex. 1. Integrate CANCE Sener ied 
We have 
a+ pet a+patq 1 eee 1 


(a—a)a—b\(x—c) (a—b\a—c)x—-a  (b—c)(b—a) «-b 


e+pe+q 1 _ Care 1 ava 
“C= aNe-8) 2 ¢ ee b\(a—c) #— Pig 
and the integral is 2 (a= ba etP ora. ye are) 
—b\(a— 
Ex. 2. Integrate (2a v 
1 & A Bas 
uot (@—1Xe44) e-1) P4+e 
Then A(a?+4)4+(Ba+C)(«-1)=2. 
Thus A+B=0, 
C-B=1, 
4A—C=0; 
whence A=}, B=-}, (C=4, 
uD th hae ll I Eo es il 


Grea 5 e21 bata 0 oo) 10 24 5 
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and the ay is 


= + log( —1)-=— 75 loge? +4) fas 2 tant 


x. 3. oe 
Ex. 3. Integrate (Ger ecss Bi 
Put “a—l=y. 
Uy 
y2t+y) 
Dividing out until v? is a factor of the cemaInEe 


Hence the fraction becomes 


Qty )l+Q+y? (a+aytsy?— an 
1+hy 
Byt Yo? 
by + 2y° 
ay” 
ay +ey 


Hence the fraction 
CEE se ih Shea 
Paty) 2y' 4p By 82+% 
and therefore 
we Sy) 3 1 oo 
(@—1X{e+l) 2 @—1S* Ke—1* B@—1) Bet)’ 
and the integral is 


i ih 3 | 1 
Pei \ea= loots: 
Gai a log(#—1)-—=log(#+1) 


vda 
Ex. 4. Integrate aI has ery 
Let z=1+y; then 
a l+gyty? 
(@-I( +1) yiQ@+3y+3y7+y) 
We now divide out 
1+2y+y? by 2+38y+3y?+y° 
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until y* is a factor of the remainder. To shorten the work we 
use detached coefficients : 


2+34+3+1)14+2+1 (d4+4y-87?4 ey. 
l-e+et 


+ 
Bor | ARS bol! | bof 
a 


ot 
| 
cols | cok! se | we 


Color cokr cae 
+ + 
He | BR 
OH | olor 


1X 


| 
| 


lor foe | Loo bol 


we 


ae 1 r eo 5 1 ll—5y—57/? 

(w@—-1)*(a2 +1) ~ 2y4 4y> 8y?" 16y ' 16 B+] 

Now 11—5y—5y?=11—5(#—1)—5(@—1)?=114 54-522, 
and by Rule 2, p. 61, of the Diff. Cale. for Beginners, 


Hence 


114+ 52-52? 1 = Xe) 
(@+1)(@?—-a2+1) 3(@+1)° #?-—a2+V 


Rae Fy i 2 
nd ee a ed “+l 324+167-164% 


a+l 3° 241 ~~ O0S8G41) 


16 2+a-2? 16/9 D: 
3 LEa@ 3 


We cope re 1 i 
(@—1)€a8+1) 2(@—1)8* 4-1 8(@—1) 
5 It Og 1)a3 


Piegsie el 6 aL 


and the integral is plainly 


1 1 5 
~ 6@—1yp 8(@—1)2* Bw@—1) * 16 


> log e(v—1) 


9 j i 124-1 
+ J log(e+1) ~Flog(e? e+1)+ ee z 7B 
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EXAMPLES. 


~ 1. Integrate with regard to w the following expressions :— 


Oca, 
er 
(ii.) ery 


S (ii.) 22(@+a)-(a + b)-3, 


On +l 


“! Qa + lie let) 


2. Evaluate 
» Gi.) eer Wea 
of) | (w Spay 


3. Integrate 


© i G2 SaaS 


(a?-+a%\(a2-+ 2), 
(i Doane. 


4, Integrate 
x da 
a () wet 241 


i) [eDe 
(ii.) ies sa 5 


1—32? 
3a —2> 


(vi) 


Gap oe 


(a —a\Xx—b)(x—c) 


(i) Oe) 


“ (a—ela—dy 
(ix.) (w—a)(x —b(x—c) 
(a a4)(a— b,)(a— G4) 


a 


=) (@+1)(@— 2)("+3) 


(iv.) / (aa?+ ba) da. 


(v.) / (a? —1)dn, 


oe i (w= a}(w= bee) 


wd 
Ce lene nemeN 1 


(a2 +1). 
o) Neen @ Cre CEST 


Pal 9 
(ii1.) FE names 


iw) [5 eet da. 


—v'+l1 


a (v.) [ort ar(ott arnt aide, 


(vi.) [@ — a?)(st + aa? + at) "da. 


. fe torel 
(yard) ees Se 
vil.) (e al fi 


ue ax 
(viil.) ipsa 
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5. Integrate 


are oS (vi) wey 
(ii.) owe. (vii.) Grey 
Gil) eres Ga Ee LEED 
(iv.) = +? de. (ix.) eas 
©) geet) ©) epyay 

6. Integrate 
(i) Gra aa (vi) sanyiary 
Canal ee oe Deasrroik 
(iv.) GEYGry (ix.) aes 
(v.) Goyeny (x.) a 


Sls Evahinee [Mian 6d0@ and [vest ea. 
0 


0 


Cd 


Tv 
: ze daz 
8. Obtain the value of —; oe — 
cos*# — cos*x sin“x + sin*v 
0 


: g cos adx 
. Invest inv) 
9. Investigate } (+sin r)(2+sin x) 
0 


to xdz 
10. Show that / (a? + a? (a? + b2)(a? + c?) ~ Oa +b)(b er +a) 
0 
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11. Prove that 


ilae dx oir a+b 
(@tarta\(a?tba+b2)  /3 ab(a?+ab+b%) 
[CoLiKrGEs vy, 1891, ] 


—o 


12. Show that the sum of the infinite series 
et ae Meu iN 
6 GD” GDI GABBY 


can be expressed in the form 


(@>0, 6>0) 


1 ¢e-1 
Sgr 
pee 
and hence prove that 
=i 
$—444-Wotas —ie t+... =F(r3 2+ log.2). 
[Oxrorp, 1887. ] 


CHAPTER VI. 
SUNDRY STANDARD METHODS. 
; da 
60. Integration of ea where R=ax?+2be-+e, 


Case I. a Positive. 


When a is positive we may write this integral as 


ie | da 

Ja Np nes 
which we may arrange as 
Sa? oO SS 
ie ee Gt) ae 


according as 6? is greater or less than ac, and the real 
form of the integral is therefore (Art. 36) 


, ae+b 
Fi Gi ee 


according as b? is > or < ae. 
E.1.C. E 


b 
Hein h ae 
Ge sin NEE 


or 
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In either case the integral may be written in the 
logarithmic form 


il 
ae log (aw+b+ J an/ ae? + 2ba+ce), 


the constant SF log ./b? ~ ac being omitted. 


cosh -1z = sinh-14/2?—1, 
sinh-!z=cosh~-!,/2?+1, 
b Loewe es EME 
vio Jpage Ja | A/baae 
a+b 1 m/ ORs 
1 pee OS et ee a 
an se sinh Saas ie cos Cir fe 


which forms therefore may be taken when a is positive 
and 6? is greater or less than ac respectively. 


Also since 


and 


61. Case II. a Negative. 


If in the integral aa a be negative, 


write a= —A. Then our integral may be written 
oe 
JA Ae a 2, ae 
1 dae 
or eb (ee Sie eee, 
mal Ac+ (ey 
The A 
oe . 4 an — b 


i 
= SInis 
ao —ac 


or re v.€ 
Rak. SARE 36 OG 


SUNDRY STANDARD METHODS. 67 


or omitting a constant 


il ac+ b 3 
ait & f, Aiba Sil Tv 
Ss DAL = | or —sin-!¢g=cos-lz 5 | 
ae since cos-!¢=sin-1,/1 — 2, 


Se ADS ok sin-w — oR 
Kot ae /b?—ac 
It thus appears that when R=aa?+2be+c 


we have cos 


sin = alt ti 
a ==, a negative 
— r/o? — ac’ 8 : 


OR =< ee sinh- oe b? EOL: 
eer a positive. 
= b?<ae. 


or A 
ag /ac—b? 


and the real form is to be chosen in each case. 


Ex. 1. Integrate | —————.. 
7 292 +3044 
We may write this 


al 
J) Met DH 


1.6. See 1 eosh- 2 FN 2a + 30+ 
2 V2 


), 


2 
. Oe 58 ES = 


ae. the integral ==5 log(42+3+2V 22a" + 32+ 4) 


1 
jecting the constant + log—*_.), 
(rejecting the constan We dae 
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Ex. 2. Integrate / eee 
i‘ V443x—22° 


This integral may be written 


1 ae 
“al Vit—-(@—h 
anctee 3 
ca Jai’ 


which may also be expressed as 


A ees 2a +327 —22%. 


and therefore is 


V2 41 
EXAMPLES. 


dx 


1. Integrate | ; fk ; 
ae iota 


2. Inte rate [ / 
: ae Qu? oo 2x2 


3. Integrate / Vat2ba+cxdx (c positive). 


4, Integrate i, Va+2bx—cxdx (c positive). 


Av+B ae 
r/ aa? + 2ba +e f 
be integrated by first putting Avw+B into the form 
A(ax+b)+ bm, 


which may be done as in Art. 57, either by inspection 
or by equating coefficients; we obtain 


62. Functions of the Form 


Ac+tB acne ty Bee 
Thus B Ab 
Axv+B aA ax+b i ke . 
rJ/aw+2be+e a J/ax?+2Qbat+e /ax?+2bate 
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The integral of the first fraction is 
2 ange = eee 
ae r/ax+2bxete ; 


and that of the second has been discussed in Articles 
60, 61. 


EXAMPLES. 
Integrate 
aN z+1 224+3 ” e+at+l 
¢ V2? +22 +3 J 22-1 J x2 +427 +3 
2 x 5 22+3 8 B+e+a+1 
Na?+ a2 Vet+xc+l J 22 +2743. 
3 a+b 6 xv2+] 
* 9+ a2 NV 027+4 


PowrERs AND PRopucTS OF SINES AND COSINES. 


63. Sine or Cosine with Positive Odd Integral 
Index. 


Any odd positive power of a sine or cosine can be 
integrated immediately thus :— 


To integrate sinen*e da, let cosa=c, 
*, sinada=—dce, 
Hence 


[sineH2 dx =— ja —c?)"de 


= -|[a — ner MD wt (—Ipe |de 


cos*x n(n—1) cos’ ncost tly 
ete a Sap 5 OR +...-(-1) re | 
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Similarly, putting sinw=s, and therefore cosxdx=ds, 
we have 
Joost ‘¢d2= a —s?)"ds 


sin’e , n(n—1) sin*x psi a 
ua aren tg re kore 


=sinv—n 


64. Product of form sin?xcos%’x, p or q odd. 
Similarly, any product of the form sin? cos% 
admits of immediate integration by the same method 
whenever either p or q is a positive odd integer, what- 
ever the other be. 
For example, to integrate [ sin'x costv dz, put cosv=c, and 
therefore —sin ¢dx=de. 
Hence if costy sin dx = — / c(1—c?)de 
cos’x , ,cos’# cos®*x 
ae 2 bee : 
Be aie? go 


3 
Again to integrate i sin’x cos*x dx we proceed thus :— 


3 
= | sint a(t —sin’x)d (sin x) 
J 
=Ssin'a— Asin? a, 
65. When p+q is a negative even integer, the 
expression sin?a cos%x admits of immediate integration 
in terms of tan & or cot a. 


For put tana =t, and therefore seca dx = dt, and let 
p+q=—2n, nv being integral. Thus 


[sinew costa de = [anes cos? titty dé = fen 1+ #)"-1dt 


=| A rms ls, ct ON Sata at 


tan? tion... tan? a 5p, tame ta tan? t2n—lyp 
= 4 ~ + ——— +... + ——, 
ptl 1 9+3 2 a+5 p+2nr-1 
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Similarly, if we put cot v=c, then —cosec’a dx =de, 
and 


sineccose da= -[eotee sin?+9+2y7 de = [ea +c*)"-1de 


_ cotitle _n-10 cotitte cotta = cota tly 

q+1 + q4+8 others gen 1 
a result the same as the former arranged in the op- 
posite order. 


2 
Ex. 1, Integrate i, dae 
sin’y 


This may be written 
- | cot?x(1+ cot?x)d cot x, 


and the result is therefore 
_ _ cottx _ cotta 
3 5 
It may also be integrated in terms of tan # thus :— 


cos2r 1 tan-54 tan-37 
————_d¢ = 1 -Stancae tan = — 
i Raed | roe i ) 5 0: 


the result being the same as before. 
Ex. 2. 
2 r oe ae 2 
[scot cosec’@ dé = | tan *@dtand=-§ tan °O=—£cot’?. 


66. Use of Multiple Angles. 


Any positive integral power of a sine or cosine, or 
any product of positive integral powers of sines and 
cosines, can be expressed by trigonometrical means in 
a series of sines or cosines of multiples of the angle, 
and then each term may be integrated at once; for 


sin nx cos nx 


n 


[eos ne dz= and [sin nx dax= — 
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Ex. 1. / cosa daz = ; 1+ 00822 cle = veal zal 
st 4 
Ex, 2. [costs da= ie ed a COST 3 sin 4+); sin 3x. 


. 2 
Ex. 3. [ooste da= | (*+%s25) Ae 


a 


“1 +2 cos 204+ pies 
aa ii i age geen oe 
= | (2+4 cos 2xv+4 cos 4x)dx 
=87+4 sin 2% + ay sin 42, 
67. It has already been shown that when the index 


is odd no such transformation is necessary, thus in 
the second example 


if cos’ da = i (1 -sin2x)d sin «@=sin v — a 
which presents the result in different form. The 
method we are now discussing will therefore be of 
more especial value for the case of sin? cos’x, where 
neither p nor q are odd. 


Ex. 4. Integrate / sin’x dx. 


Let cosv+tsina=y; then 


2 Cos & Su: 2 cos nx my ts, 


SSalas SS 


2e sing=y—", 2esin ne = y" —— 
Thus 
8 
DATS whe = (y-") 
y 


-(o'sp)-s(orap)san(ved)-an(} am 


=2 cos 8x — 16 cos 64 +56 cos 44 — 112 cos 24 +70. 
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Thus sinkv = pcos 8x —8 cos 64 + 28 cos 4v — 56 cos 27+ 35), 


. lfsin8x% sin 6x sin 4x sin 2x 
d [sinted = [ an 28 ~56 35 a 
pany pig tata tee ie a op ee 


Ex. 5. Integrate / sin&x cos*x da. 
Put cosw+isinv«=y; then 


2%: 6sin®x . 22cos2x 


= (9-5) (vz) [See Art. 68.] 


ee ple) +4(y+ 5) +4(y+ 3) -10 


=2 cos 87—8 cos 67+ 8 cos 47+8 cos 24-10, 


and sin®z costa 3 —cos 8v7+4cos6%—4 cos 4%—4 cos 2r7+5 \, 


whence 


| nee eae Grta { _sin 8x, ,sin6x_ ,sindw_ ,sin 2a , 5 \. 
27 8 6 + 2 


68. Norz. It is convenient for such examples to remember 
that the several sets of Binomial Coefficients may be quickly 
reproduced in the following scheme :— 


Cae eee 

ie be 

NGS PAE sy GE a 

Onl aby asy PHL 7 ot 
mass fafen -7k0) fafoy sh fehl 
€UC., 


i ee ee 
DANooh | DSH 
— 
Oo 


each number being formed at once as the sum of the one im- 
mediately above it and the preceding one. Thus in forming 
the 7th row we have 


O+1=1, 14+5=6, 5+10=15, 10+10=20, etc.; 
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and in multiplying out such a product as (y - ty (v3) 
occurring above we only need the coefficients of (1—1#)%(1+¢)? 
and all the work appearing will be 
coeflicients of (1—71)® are 1—6+15—20+15-6+1, 
coefficients of (1—7)§(1+¢) are 1—5+ 9-— 5-— 54+9-5+1, 
coefficients of (1—7)(1+72)? are 1—44+ 4+ 4-10+4+4+4-—4+1], 
each row of figures being formed according to the same law as 
before. The student will discover the reason of this by per- 
forming the actual multiplication of a+ b¢+ct?+d+... by 1+4%, 
in which the several coefficients are a, a+b, b+c, c+d, etc. 
Similarly if the coefficients in (1+7)*(1 —¢)? were required, the 
work appearing would be 
Lf446+441, 
14849-9-3—1) 
14931 —4— 12-221) 
and the last row are the coefficients required. 
The coefficients here are formed thus :— 
1-0O=1, 4-1=3, 6-4=2, 4-6=-—2, ete. 


EXAMPLES. 


1. Integrate 
sin47, sine7, sin-7, sinty, sin®7, sin’a, sin’) sin" t 2 
doing those with odd indices in two ways. 
2. Integrate 
sin2z cos*z, sin’x cos*x, sin?zcos’z, sintr costx, sin‘ cos®z. 
sin?x cosa il 1 


3. Integrate = < : 5 
§ cost” sintz’ sin2xcos2z’ sintx costz 


T ca T 
4, Evaluate / Sane ax, ih “cosSxr da, , Ses dx. 

0 0 0 
5. Integrate sin 2x cos*z, sin 3x cos*x, sin nx cos2x. 
6. Show that 


[asin #sin 22 sin 34 dx= —} cos 2” — 75 cos 4+ 54 cos 6x. 


7. Show that 
_cos(m+n)a _ cos(m—n)wv 
2(m+7) 2(m—n) ~ 


(i.) Join Mx COS nx dx = 
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(ii.) | sin ma sin ne de —n(m—niw _sin(m+n)e 
2(m—"7) 2(m+n) 


(iii.) ik cos mr cos nar dx —Sn(m—n)z_ sin(m-+ ae 
2(m—n) 2(m+n) 


Deduce from (ii.) and (iii.) | sin’mx da and i; cos?*mx dx, and 


verify the results by independent integration. 


INTEGRAL POWERS OF A SECANT OR COSECANT. 


69. Even positive integral powers of a secant or 
cosecant come under the head discussed in Art. 65. 


Thus [sects dx =tana, 
[sects CO (c 1+tan’x)d tan 


3 
=tana+ = Z 


[sects da (c 1+2 tan’x+tan‘x)d tan a 


=tana+ ee ss etc., 


and generally 
[sccm dei= Ja ++ eae where ¢=tana 
; Oe noe f2nr1 
=t+ a ae, TP orE Tes) + 
Similarly 
feosee% dx = —cotz, 


{coset da =— ja + cot?x)d cot x 


co 
= ip COUR as , ete. 
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and generally 


os Cc e2n+l 
[eoseemten es ERIS kare ores) 


where c=cot @. 
70. Odd positive integral powers of a secant or 


cosecant can be integrated thus :— 
By differentiation we have at once 


(n+1)sec”*2x —nsec’x = e (tan x sec”x) 
and 
(1+ 1)cosec”*+2a — n cosec”x = — oN cot @ cosec”2) 
whence 
(n+ 1) fscen da = tanwsec"” -+ nf seer da 
and A. 


(n+ 1)feoseen+4x da = — cot 7 cosec”” + nfeoseers da 


Thus as [sec ecdx =log tan G + 4) 


and [eoscearda =log tan®, 


we may infer at once the integrals of 

sec*x, sec’x, sec’a,...; cosec®x, cosec’x, ete., 
by successively putting n=1, 3, 5, etc., in the above 
formulae. 


Thus [sect dx=+ tan x secx+4 iog tan(247), 


i seciv dx=j tan x seckx + 3 / seckx 
=} tan xsec’x+% tan x sec v+2log tan(Z47), 


etc. 
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71. Such formulae as A are called “REDUCTION” 
formulae, and the student will meet with many others 
in Chapter VII. We postpone till that chapter the 
consideration of the integration of such an expression 
as sin?acos’z except for such cases as have been 
already considered. 


72. Since a positive power of a secant or cosecant 
is a negative power of a cosine or sine, and a positive 
power of a cosine or sine is a negative power of a 
secant or cosecant it will appear that we are now able 
to integrate any integral positive or negative power 
of a sine, cosine, secant, or cosecant. 


INTEGRAL POWER OF TANGENT OR COTANGENT. 


73. Any integral power of a tangent or cotangent 
may be readily integrated. 


For Jtanre da = {tan 2a(sec*a — 1)da 
= tan» ed tan #— [tan 2 die 


n-1, 
ae ®_ [tant da. 
n—Il 


And since ftan x dx =log sec x, 


and [tant da= \\ sec’a —1)da=tan «—«, 


we may integrate tan*x, tan‘a, tan’s, ete 


Thus we have if tan%x dxz= | tan «(secs — 1)dx 


tan2x 1 
ae og sec %, 
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i: tanty dr= ir tan?a(sec*x — 1)dx 


tan®z 
=—— —tanz#+2, ete. 


By continuing this process we shall evidently obtain 
2n—3 


/ dented See tan?*-ly _ tan’ a tan?"-5y 
J 2n-1 2n—3 Q2n—-5 


+(-1)""1tan 7+(-1)"2, 


a] | Nedee eA pote tan” tan” x tan‘ | 


2n an —2 2n—4 
+(- bees (—1)"log sec x. 
Similarly 
foot di= fect” -2n(cosec?a — 1)dax 
=— oe — Jeot» —24 0a, 


whilst fect adx =log sin x, 


and [ects die [(cosects —1)dx= —cota—2; 


and therefore we may thus integrate 
cot®z, cot‘x, cot®z, ete. 


Hence any integral power of a tangent or cotangent 
admits of immediate integration. 


74. Integration of leer ———-, ete. 


x 
a+bcosx 


We may write a+ cos x as 


a( cost 2 + sin? 4 + b( costs — sin’), 
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1.€ (a+ b)eos*; +(a— b)sin’5, 
r _beogez| #2 a 
) (a—b)cos 5 abt tan 5 | 
1 aL 
= sec2—da 
Thus | dae = “ j= 
at+tbeosx a—b nae es of 
a—b =o 
d(tan e 
—bJa+b fe 
a—b ie 2 
Case 1. If a> 6 this becomes 
x 
2 lable i ns 
a5 Tako” Tad 
a—b a—b 
g a { nie —b | 
or roa tee Fels eS) . 
1-2 
FF se Vs ee -1 
Since 2 tan~1z=cos The 
we may write this as 
1 = tan”) 
ra 08 i : 
Jab 1+ a= tan2~ 


79 


Ree(L) 
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b+a cos x 
-——— cos"! : 
/ a? —b? a+b cos x 


or 


Case II. If a <b, writing the integral in the form 


2 | ae a acne (2) 
b—a b+a_ 4, g 
b— 2 
in place of the form (1) we have in this case by Art. 54 
b+a BY 
(pete cera? 
a+tbcosx se a 9 =e b+a_ 2 
—a Pie ED 
1 ee 
| Gy 
pong © re 
JP =a /b+a—r/b6—a tan = 


2 
By Art. 33 this may be written 


2 on 
ee ceee w 
a/b? — a? oe b sy 


1+2 


or, since 2 tanh -4z=cosh- IT 7 
—Z 


we may still further exhibit the result as 


1 
a /b?— a2 at+tbeosx 
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We therefore Pe 


= a4 tan"? A [- a= tang, 


Pee oan 

ae a+b cosa’ 
| ae 2 b-—a, «@ 
a+bcosa Jb? — a2 ba 2 


Jb+a+,/b—atans 


=== log ——____—__, 
VT Joxaabaatan® 


a> b. 
1.6, ——= 


1.e. a<b. 


+a cosa 


COs) 
a+b cosa 


J a2 
These forms are all equivalent, but one of the real 
forms is to be chosen when the formula is used. 


1 
a+bcosa+csina« 


75. The integral of may be im- 


mediately deduced, for 
bcosa+cesina=/b?+ Beos( a — tan-¥7), 


and therefore the proper form of the integral can at 
once be written down in each of the cases a greater or 
less than a/b? + c?. 
daz dx 
a: | ee ee 13+5 cos(x— a) 
1 _15+13 cos(w— a) 
=—__———- COS 
/132—5? 13+5 cos(7— a) 


Ey pana cos(a — a) 


(where tana= 4) 


Ae 13 +5 cos(a—a)’ 
1 x (2 x *) 
= t; Wyn NS | 
or ra an 3 2 


E, I. ¢. F 
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76. The integral |! may be easily deduced 


at+bsina 
by putting 
cai 
aw 5h Y, 
Cie ae) dy 
We lately 


and therefore its value may be written down in both 
the cases a Z b. 


Of course it may be investigated also independently 
by first writing a+b sina as 


x 
a( cos + sin? 5) 2b sin = COs = 


9 » 
2 
or cos F(a+2b tan = ste tan? 5): 
The integral then becomes 
x 
) j d tan ) 
a ew. b\2 az—b? 
(tan s+5) m7 a? 
and two cases arise as before. 
77. The integral jo ae sivas ernie 
a+6 cosh x y 
treated. 
| da ce | cla 
a-+ 6 cosh & a( cosh h?— — sinh? 5) +0(cosh’s +sinh*5) 
2 2 
s (tanh 5) 
> bat TE ee 
b+a rr ah 


b= a 2 
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‘ : 2 
if b> a, Ee emi 


which further reduces to 
i) _yo+a cosh a | 


r/b?— a? COS a+b cosh x’ 


and if b < a the integral is 


2 _,,/a—6 x 
aE tanh a+b tanh oy 


which further reduces to 
1 ee ,o+a cosh # 
/ar— be a?— he a+bcosha 


78. Similarly the integrals of 


a, SA Sos oe ne ee 
a+bsinh a e a+bcosha+csinha 


may be easily obtained. 


EXAMPLES, 


Jtan x iG 


1. Integrate Se 
Be sin 7 cos & 


: seca da 
2. Integrate (i.) i! a+btang 


(ii.) i; pede, 
7% J (asina+bcosx)* 
; do 
3. Integrate (i.) if a nae 


i pa eee eee asin 0+b cos O70 


csin 6+ e cos @ 


83 
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. 4, Prove that, with certain limitations on the values of the 


/ constants involved 


= hye fs Ses 6 : tek De OSes 
a t (. ten | eee) Fe NGO. 
and integrate i ey (cw—a\B—x)dzx. 


5. Integrate 


: dx ret dz 
e) lant Becosts ous ix) Ix 1—sin x) —cosa# 


on Cees 
Soe WS tcosa+sinae 
oS led at+cos2’ oe lama pee 
(vii.) fesces* ly Ps 
cosa+cosx ” 
T 
and (viii.) prove es ieccs a pee hae 6. 
6. Integrate (i.) === 
Va2—-atNx—b 
ie dx 
(ii.) / ‘ 
Vala —b) +0 b(a—a) 
er dx 
(iii. / 5 
) Jan+b+Na'a+b' 
dé 
bats : 
fUMeOTae. || a aint Tessa o 
da 


8. Integrate | See 
sin #7+sin 24 
cos §+sin 6 


9. Integrate [cos 20 log A=anib 
: cos @—sin 


10. Integrate pee «+sinhz sin Day 
l+cosz 


Tif 


12. 


713. 


14. 
15. 
16. 
17. 
18. 
19. 
20. 
21. 
22. 
23. 
24, 


25. 
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Integrate i V1+sin 2 dz. 


Integrate IF SEE Fi 
V1+sine 
Integrate [{_8¢% _ 
J 1+cosec xr 
Integrate pe 
a+b tan’z 
rae 
——_— 
Evaluate | icsnae” 
0 
Integrate sec © cosec & 
log tanz 
Integrate i, en 70s 075 
a/sin 20 
Integrate [0b 9—3 cot 30 
. 3 tan 36—tan 0 
Integrate | ae 
aN" + oo” 
2 
Integrate pee ea 
(eain a+ con ay 
Integrate _sin ede _ 
(a+b cos x)? 


Int t 1 —cos 6 
eo ns J Vane 61 + cos 6\(2+ cos ye 


Integrate (ieee 2+sin xy, 
l-sing 2-singz 


sin O—cos 8 


Integrate 


J (sin 6 +cos 6)Vsin 6 cos 0+ sin?@ cos? 
sin’@ dd 


Integrate 


‘ (1 +.cos?0)W 1+cos*6-+ cos’ 


85 
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26. Integrate [sin 22 do. 
1+2? 


Vita? 


27. Integrate 


28. Integrate [ $™ SINS de , [Pade hig jes and prove that 
sin 37 sin 4. 


sin( a - sin( 2-7) fom(e-9) 

of sin & ~ dxz=sin 7 log ims eA es 
sin 5” Pi |e w\{° 

sin(2-+ 2) =) [sin(# +2) 


(TRIN. CouL., 1892.] 


CHAPTER VII. 


REDUCTION FORMULAE. 
REDUCTION FORMULAE. 


79. Many functions occur whose integrals are not 
immediately reducible to one or other of the standard 
forms, and whose integrals are not directly obtainable. 
In some cases, however, such integrals may be linearly 
connected by some algebraic formula with the integral 
of another expression, which itself may be either im- 
mediately integrable or at any rate easier to integrate 
than the original function. 


For instance it will be shown that [(c2+0%)tde can 
be expressed in terms of [(at+2%)tdo, and this latter 
itself in terms of [(a2+0%)}do, which being a standard 


form the integral of [(e+arytae may be inferred. 


Such connecting algebraical relations are called 
Reduction Formulae. 


80. The student will realise that several reduction 
methods have already been used. For instance the 
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method of Integration by parts of Chapter IV., and 
the formulae A of Art. 70. It is proposed to consider 
such formulae more fully in the present chapter, and 
to give a ready method for the reproduction of some 
of the more important. 


81. On the integration of «”-1X? where X stands 


for anything of the form a+ bx”. 


In several cases the integration can be performed 
directly. 
I. If p be a positive integer, the binomial in 


a™-(a+ bar) 
expands into a finite series, and each term is integrable. 


Next suppose p fractional = “, r and s being integers 
and s positive. 


II. Consider the case when 7 18 ® positive integer. 


Let X=a+be"=zZ, 
“. bnax"—1da=sz-1dz 
and fom LD ae = E fam Le a dz 
bn arnt 


= gi lertea(7—*) dz, 


and when = is a positive integer, this expression is 
directly integrable by expanding the binomial and 
integrating each term. 
III. When . is a negative integer, the expression 
gtts-1 


m 
Sey 
{z8—a) 
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may be put into partial fractions, and the integration 
may then be proceeded with (Art. 58). 


LV. It +. is an integer positive or negative, we 


may proceed thus :— 


for- 1a + ba”) da = fers - (b +ax-")da, 


TN 
m+— 
8 


and by cases IT. and III. this is integrable when 


is either a positive or a negative integer a the 
substitution b+axv-"=z*. That is, the expression is 


integrable when +e is integral, positive, or negative. 


Three cases therefore admit of integration im- 
mediately or by simple substitution. 


(1) p a positive integer. 


(2) = an integer. 


(3) ” +p an integer. 


Ex. 1. Integrate i 2°(a8 + 08)*don. 


m 5 
Here m=6, n=3, and —=an integer. 
n 


Let G+H=2, 
so that 3x°%dx = 22 dz. 


Then the integral becomes 


‘ 2 2/2 =) 
= 2_ 3 _ Z=—| - = es = x 
[e a je. ged (3 cae etc, 
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Ex. 2. Integrate ih o*(a8 + 28)?de. 


m re ; 
Here m=3, n=3, p=3, and ae is an integer. 


The integral is i xv1+ ate-®)*de, 

Let 14+aa3=27, 
then ~ sfdw =22 dz, 
and the integral becomes 


ape [ot?de= -30 [= da. 
3a3 o | ATP? 


which might be put into partial fractions. If, however, z be put 
=sec 0, the process of putting the expression into partial frac- 
tions will be avoided and the final integration may be quickly 
effected (Art. 70). 


82. Reduction formulae for am-a+ bared. 


Let a+ba"=X; then fam-1xrda can be connected 
with any of the following six integrals :— 


[am-1XP-tda, fom-axetida, 
fom -n- LYPda, fame = 1X Pda, 


fom-n-axetida, famtn-aX0-tde, 


according to the following rule :-— 


Let P=a*1X"+! where \ and » are the smaller 
indices of x and X respectively in the two expressions 
ele 
whose integrals are to be connected. Find es Re- 
arrange this as a linear function of the expressions 
whose integrals are to be connected. Integrate, and 

the connection is complete. 
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Ex. i. Connect is 2™21X?da with | x AXP Vda, 


Let IPG IE 


dP aX 
h —- m—1 ‘Pp m ‘p—l 
Then ——=mz Me Ea 


=ma"-X? + pbng™tr-1XP-1 
=m" X? + pna™—"(X —a)XP-1 

| Note the rearrangement “as a linear function, etc., etc.”] 
= (m+ pn)a"-X? — apnice™-1XP-}, 

Hence P=(m +pn) [am XPde - apn [anX7-Adey, 


or [or xrde Noes + SPD fam 0X9 
m+prn m+pn 


The advantage of this reduction is that the index of 
the usually troublesome factor X? is lowered; and by 
successive applications of the same formula we may 
ultimately reduce the integral to one which has been 
previously worked, or which can be easily obtained. 


Ex. 2. Thus, for instance, to find [e+ a®)*de we may con- 
nect this integral with | (a? + a?)*dm, and this again with 
i (v2? + a®)'de, and this last is a standard form. 

As the reduction is used twice, we will connect 

i (a? + a)? der with / (a? + a2)? de. 
Let - P=2(02+a)', 
aP = (a? + a2)? + 90? 2 + a?) 
diz 
= (4? + a)? +n(a? + a? — a?)(e?+ a?) 
[Note the preparatory step which might be performed mentally | 
=(n+1)(a?+ a2)? — nae + a2)? 


[which is now “rearranged as a linear function, ete., etc.” ]. 
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Integrating, P=(n+1) i (a? + a®)*der -na? / Ga a2)? der 


Aa [et+artar= soe na? ai w+ a2) Pie 


Putting n=5 and n=3, 


6 s 
[@ + at)? dz ele) +20? (0? dB o)*de, 
3 
ik (2? + a)! de = ta + cara a? / (22+ a?)*der, 


and [e+ a 2b dp = BEE es Sahai” 
te a 
Then 


2 3 
ih (a? + a) da =" sees, ene + a°)? 


5.3 4 2 23 5.3 a®sinh-™. 
Fea On theese a 


Ex. 3. Calculate the value of / “a Dau --zdx, m being a 
0 


positive integer. We shall endeavour to connect 
(f x” N2ax—a2%dx with / a” "Jax — x dx, 
: m+y 4 P m—t 3 
Le. fe *(Qa—x)*dx with [« 2(2a—2)*da. 
™m i + . 
Meth ec oa—a)? according to the rule, then 
m— 3. « ™m™ i 2 
dP —(m-+3)2" *2a—a)t gx" Haa—ayt 


m+h 


=(Qm+ Law” 22a - 2)? —(m+2)e *(2a — x), 


Hence 


(m +2) ik ao” 3 (20-2) de 


m+ 3 m—z z 
—x °*(2a—.2) +Q@m+1)af x (2a—sx)*dx 
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2, 
or ee 0) 2ax — x*da 


2\? 20 
eee 4 Ran fp San — wid, 
m+2 eos 


Oke WE Ibe y x” 2ax— xdx, and m be a positive integer, 
() 
Latter _2m+1 2-1 bere 


Ni 


m+2 m+2° m+il 
_2m+1 : 2m—1 : Ee eer. 
m+2 m+l1 ™m 


_2m+1 2m—-1 A%m—-3 5 3 imp 


5 =e VT, 
ieee EL a ie 0 eesaye a 
Now to find J) or [* J 2ax— ada, put 
2=a(1—cos 6). 
Then dz=asin 6d@ 
and J 2ax0—2?=a sin 6. 
Also when z=0, we have 6=0, 


when w=2a, we have 6=7. 


Hence fil PUES | 20)d0 


2) 0-3 4 sin 20 | ae 


(2m+1)(2m—1).. ore (Qaa+1)! awa™t? 
ae dame (m+2\(m-+1)...3 2 mi(m+2)! a ~ 


m+2 


EXAMPLES, 


Apply the rule stated in Art. 82 to obtain the following 
reduction formulae (when XY =a+ ba”) :— 


by, [om xrde =— ad Cie Mrpn+n CT™AXP Hd ax, 
an(p+1)° an(p+1) 
a" XP+1 (m—n)a 


bm+np) b(m+np) 


gm AX Pde, 


OH. fe LONE 
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3. [amKede aA NE RPT) | gminaXede. 
J am am 


m—1 Vp Recaps Sam m—-n m—n—l V p+ 
4, Jo X Pde bin ee x Be 


5. [oroxrde eA? = bnp gn tnt Yel a. 
m m 


Bs a™+ "(log x)? me bs 

6. [e (log x)?da = ee ) - Pfs (log x)?“1dx, 
Integrate out 2™logz, 2™(log x), «(log x)°. 

7. Obtain the integrals of i x” /(2ax—x*)dx for the cases 


m=1, m=2, m=3, and their numerical values when the limits 
of integration are 0 and 2a. 

83. Reduction formulae for [sina cos!a da. 

A similar rule may be given for a reduction formula 
for [sine costa dx. 


This expression may be connected with any of the 
following six integrals :— 


|sin» 29, costx da, [sino costa da, 
|sinre cos? - 2x da, |sinve costt2x da, 


sin? -2z cos?t2a da sin? +2y7 cost-2a da 
>) >) 


by the following rule. 


ses 
Put P=sin'*'xcos“t's where X and mw are the 
smaller indices of sinw and cosa respectively in the 
two expressions whose integrals are to be connected. 


Find ule and rearrange as a linear function of the 


da 
expressions whose integrals are to be connected. 
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Integrate and the connection is effected. 
Ex. Connect the integrals 


/ sin?z costa dz, 


/ sin?—*z costar dx. 


Let P=sin?—1z cost+}z, 
dP 1yP—2 qt+2 In? q 
= 1)sin?-*z cos o— (¢+1)sin®?x cost 
=(p—1)sin?~*x cos%x(1 — sin’v) — (¢ + 1)sin? x cos%x 
=(p—1)sin? x cost’ — (+ q)sin?x costa 
.P Prd 
Note the iast two lines of rearrangement as a linear function of 
g 


sin?z cost” and sin?~*x cos%z], 
ee = (p— 1) [ sin?-%e costa da —( p+ 9) | sinrx costa dx. 


sin?—ly cost+ly 4Po 
PTY 
It will be remembered, tes ae in the case 
where either p or q is an odd integer the complete 
integration can be effected immediately [Arts. 64, 67]. 
The present method is useful in the case where p and 
q are both even integers. 


2 1 
Hence i sin? x costa dz=— sin?-*z costx dx. 


EXAMPLES, 
Connect the integral ji sin?x costa dx with 
sin? +? cost dx. 


sin?z cos’ *ax da. 


sin?-2x costt?x dx. 


sin?+2z cost-“ax da, 


3 [sinrx cos!t*x dx. 


96 INTEGRAL CALCULUS. 


: cosvsin" 2 n—1f.. 
6. Prove that i; sin"s da= — ys sin” 27 aa. 
n n 


Employ this formula to integrate sin‘z, sin°x, sin'z. 
7. Establish a formula of reduction for cos” da. 


sintay 1 


8. Integrate sin‘rcos’z, ———, —{~—_.. 
cos’ sintw cosa 


84. To calculate the integrals 


S.= [ sinna dx and (C,,= [ costa dx. 


0 0 
Connect [sinne da with [sinn - 24 dla. 


Let P=sin”~1x cos # according to the rule; then 
ar , : 
ie (n—1)sin”~ 2x cos’ — sin"x 
=(n—1)sin"-"x—nsin"2, 


; sin”-1zeosa . n—If. 
-. \sin®2 da = ——_——"——_ +. —= = |sin” -2m da. 
n n 

Hence since sin”-!a@cosa vanishes when 7 is an 


integer not less than 2, when «=0, and also when 
oa we have 


. m—l _n—-1 n—3 
oe ie es 


here 


See eae 
if n be even this ultimately comes to 


n=1anao" OS Sete 
Se naa 6 4 3) 1% 


oO 


REDUCTION FORMULAE. 97 


thatis S,= . Scone 


If m be odd we similarly get 
m—-1 n—-3 4 2(2 


Se ae eaL F. oF Al sin «da, 
0 
and since [ sin adx= [ - cos a =] 
0) 
0 
1 n—3 4 2 
we have S, = 9°53 


In a similar way it may be seen that [ costs da has 
9 
precisely the same value as the above integral in each 
case, n odd, n even. This may be shown too from 
other considerations. 
These formulae are useful to write down quickly 
any integral of the above form. 


a rf ay Sy Eh Gy 
09 d0— Qa 
Thus [‘sin 6d0 i864 a 2 
oa 8.6 4 2 
9 =>- —- = = 
[sin a0 54753 


0 


[The student should notice that these are written down most 
easily by beginning with the denominator. We then have the 
ordinary sequence of natural numbers written backwards 
Thus the first of these examples is 


(10 under 9) x (8 under 7) x (6 under 5), etc., 
stopping at (2 under 1), and writing a factor 5 But when the 


first denominator is odd, in forming such a sequence it ter- 


minates with (3 under 2) and no factor 5 is written. } 


E. I. C. a 
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85. To investigate a formula for ['sinvo cos76 dé. 
0 
Let this integral be denoted by /(p, q); then since 
sin?-1@cosit!9 | p—1 
pt+q pt+q 


we have, if p and q be positive integers, and p be not 
less than 2 


[inva cos?0d@ =— [sine -26cos70d6, 


Kp, D= =Po fe-2.¢9 
Case I. If p be even =2m, and q also even =2n, 
fl2m, 2n)=— = ~ f2m —2, 2n) 


a —1)\(2m—3) 
~ (2m+2n)(2m + 2n—2) 
(2m —1)(2m—3).. 
~ (Qm+2n\(Qm+2n—2).. as 


F@m—4, 2n)=ete. 


FO, 27), 


2n-1 2n-3 law 
d O27) = BONG) = ae 
oe KO) [ pee dt= on Bn 2 22) 


e [1.3.5 ...(2m—DY1.3.5...(2n—1)] + 
see ee 2.4.6...(2m+2n) 2° 


CasE II. If p be even =2m, and q odd =2n—1, 
2m—1 
2m +2n—1 
(2m —1\(2m—3)...1 
(2m+2n —1)(2m+2n-3)...(2n+1) 


f(2m, 2n—-1)= fQm—2, 2n—1)=ete. 


F(0, 2n — 1), 


6 oan a a In-2In-4 2 
and = f(0, 2” De) cos oO = a eS 
[1.3.5...(2m—1)\[2.4.6...@n—2)) 


te, f(2m, 2n—1)= 1.3.5...(2m+2n—1) 
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Case III. If p be odd =2m—1 and q even =2n, 
we obtain similarly 


fl2m—1, In) =[2-4-6... (2m—2)][1.3.5...(8n-1)] 
1.3.5...(2m+2n-1) ; 
This may also be deduced at once from Case IT. by putting 


ages 
C= d, 


for ii sin?6 cos’6 d@ = [cose sintd(—1)d¢ 
0 1 
vy 


= if Tints cos’ dd, 
Kp D=KG Pp). 


so that 


CasEIV. If pbe odd =2m—1, and gq odd =2n—1, 


2m —2 ; 
2m—1, 2n-1)= (2 3, 2n-1 
H2m—1, 2n—V)= PM? 2m —3, 2n—1) 


= (2m —2)(2m — 4) é Be 
~ (Qm+2n —2)(2m +2n- pen 5, 2n—1)=ete. 


sm (2m —2\2Qm—4)...2 y 
(m+ 2n-2\2m+9n—4)..(anF9) 2n-1), 


z n 72 
and fC, 2n- = [sin 6 cos?”"16 dé =| a cos* 6 1 
0 


Qn to Qn’ 


3 _[2.4.6...(2m—2)][2.4.6...(2n—2)] 
. fOm-1, 2n—-1)=1 2.4.6...(2m+2n—2) 


86. Expression in @ single rule. 


These four formulae may be expressed under one 
rule as follows :— 


Let ['(n+1) be a function defined by the relations 
T(n+1)=nT(n), T)=1, TQ)=/7. 
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These relations will be found to sufficiently define 
I'(n+1) where n+1 is either an integer or of the form 
2k+1 

50 


“= 


k being a positive integer. 


For instance, 
T(6) =5F(5)= 5. 41(4)=5.4.319(8)=5.4.3. 29 (2) 


=5.4.3.2.11(1)=5! 
Ped) =30Q)= ¥.40G)=3-F.§0O)=3-4-4.90@) 
=2.9.4.9.0Q)=9.8.4-9 400 


Zi 
This function is called a Gamma function, but we 
do not propose to enter into its properties further 
here. 
The products eds B sce BROS Il 
D865 Bi coc QO 
which occur in the foregoing cases of | sin? cos?6 dé 


0 
may be expressed at once in terms of this function. 


or 1 a eee 


2, 2 2 2 D} 2 
so that 1.8.5...@n-1)=5 1 (2*41) ; 
Jr 2 
el ee 
2 2 2 g 2 
so that DAn Gere 272 = any (2842), 


Hence in Case I. 


ee [/si70c0310 a0= ge Er NaF) Aep ale, 
g=2n. A omen (Ptat?) 


laa elias 


- anaes 
2 


me 
2 
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In Case II. 
_2ir(e#!).er(244) 


( 


In Case III. we evidently have the same result. 
In Case LY. 

Qm— Pp a 1 n—1 qg + 1 
pou ( ee eon te) 


amen-ap(P4G4? ) 
2 
ene) 
alse) 
ar (247+) 
2 


It will be noticed therefore that in every case we 
have the same result, viz., 


es a ‘ [sinva cos?6 d@ = 
g=2n —1. A 


pti Ee 
z r ( 2 )r ( 2 ) 
| sin?@ cost d@ = ———-_~_—* 
} 7 ae sie 1) 
and that the Pedy 1 occurring in the denominator is 
the sum of the fie ue and the ae in the numerator. 


This is a very rere formula for evaluating 
quickly ee: of the above form. 


9 


B.4Nr.5.8.8.4N0 50 
Apr eae 7 ORE 
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87. The student should, however, observe (as it has 
been pointed out previously), that when either p or q 
or both of them are odd integers, the expression 
sin’@ cos?0 is directly integrable without a reduction 
formula at all. 


For instance, 


[sive cos Odd = [sinvoa —sin?4)d sin (ae — ly 


rT 
vy 
iné Tesora wen eke 
and [sin 0 cos*@ dO=4—4=¢. 
0 


Similarly, 


/ “sind cos?@ d#= — [icost6(1 — 2 cos*@ + cos*@)d cos @ 
a) 1 


=| Seo eee eee 
3 5 7 
But when p and q are both even and the indefinite 

integral required, or if the limits of integration be 


0 
=e ha 2 Se 
[at3-d+tarte 


other than 0 and s we must either use the reduction 


formula of Art. 83 or proceed as in Art. 67. 


EXAMPLES. 


Write down the values of 


aT Tv us as 

2 2 2 2 

il. [ sin’ dx, if sinty da, i sin’y da, / cos’a da. 
0 0 0 0 


T a T 
rz 2 vy 
2: | sin&r costr da, | sin’v cos*x dx, iF sindv cos®x da, 


0 0 0 


= 
i| sins cos’ da. 
0 
3. If O, represent the product 1.3.5... to 7 factors, 
and L, represent the product 2.4.6... to 7 factors, 
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prove the formtulae 


2m 2n OO acs 
(1) [ sin’”@ cos'"9d9 = = ts: 


7 
Py 


sin?”-1@ cos?" 6 dé. 


(2) [same cos™19 dQ += Ombna _ 


> 

+ 

3 
—, 


2n—1 2n-1 a 1 
(3) iE Sine COS me OO == ee 


m+n—1 
4. Write down the indefinite integrals of 
| sin’@ cos 6 dé, ik sin’ cos*6 a8, [sivvo cos’6 dé, 


sin’@ cos?6 dé, i sin®@ cos*é dé. 
Evaluate 
5. / *sind9 cos?6 dé, i “sintd dO, i tamd cos*O dG, 
0 0 0 


i “sin? a8. 


0 


t é é 
6. it *cos?20 dé, if cos*3¢ dd, / cos'3¢ sin*6¢ dd. 
0 0 0 


T 


Pah + n 
7. Deduce the formulae of Art. 84 for i i x2 dx from the 


repre 


of Art. 86. 
or(2+241) 


result 


EXAMPLES. 
1. Prove that 


(a) Jose dd =5 tan dcos"p + (1 = 2) feos dd. 
(6) [sccmg dp=— tan psec" + (- J eco 1b dg. 
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2. Investigate a formula of reduction applicable to 


/ al +02)'da 
when m and n are positive integers, and complete the in- 
tegration if m=5, n=7. (Sv. Joun’s Coit., CAmB., 1881.] 
3. Investigate a formula of reduction for 
fs 
(1- vy 
and by means of this integral show that 
] 1 1 eS 1 1.3.5 1 : 
= : ee : din 
Teel eed ood SeeG G46 once) 
Th ANG (Sings VAD) 


3.057 22 
Sum also the series 
iL aoe 1 ai: 3 I Oro. i 
Qn+1° 2 W+3°2.4 WM+5 .4.6 In+7 
[Maru. Trivos, 1879. ] 


+... ad inf, 


4. Prove that 


i (t+ at) Fda + ete af (a? + a) © de, 
5. If f(n) =a" ie ie oe Geer (n ~1). 
6. Find reduction formulae for 

(a) [a+ bay de, ~ | oe 

(B) farr+at) ® ae, (8) oe 


1 
tai a = 1) Pole, 
and obtain the value of / we? — 1) Fda. [eons Cx 


7. Find a reduction formula for i e“cos"“4 dx, where n is a 


positive integer, and evaluate 


ax, 4 : 
Je costa da. [OxForD, 1889. ] 
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8. Find formulae of reduction for 
x"sinazdx and if e“sin’x dx. 
Deduce from the latter a formula of reduction for 


yt 
/ cos ax sin”x dx. [CotxcEs y, 1890.] 


/ 9. jIf by, = it sin*"x dz, 


\ 


0 
prove that w, = @ = oy) tnt a ngntv 


ib {pat 4 (2n- 1) (Qn—1)(2n— Sane .} 
ola n(rm—1)° n(n—1)(n—-2) 
4 Qn—- 1)(2n — 25 3. 3 
Qn(Qn—2).. 8 
ee Tripos, 1878. ] 


and deduce w,= 


10. Show that 
(m+n)(m+n—- 2) [sinn9 cos"? d6=(m — 1)sin™ +19 cos”“"6 
—(n—1)sin”—'6 cos”*16+(m—1)(n— 1) [sinn-*0 cos”~"0 dé. 


(Trin. Cott., CamB., 1889.] 
11. Prove that 


5...(2m—1) r 2.4.6...2m 1 
4, 6. Sele Ae SDT ia: 


1 1-2 ror 
+1 _ 
ee ee ep meine) 
12. Find a formula of reduction for {tent Show that 
vVa—-1 
2.4.6.. ee Lipsy se ‘] 
Sune Is: ear a aca fe = re 


= ay a2 2 n 
=1+- —1])4+ (4-1)?+...+ “— 1 


where a, ds, ... are the binomial coefficients. [Sr. Joun’s, 1886.] 
13. Show that 


OE | cos ma cos”™x da 


sin22  m(m—1) sin 4a 4 in ae 
2 1 4 2m 


where m is an integer. [CoLLEGES a, 1885.] 


=C+a+m. 
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14. Show that 


eae ae _ Qm—2\Qm—4)...4.2 
fe ED SAM recarn creer yen Cnn 


m being a positive integer. [Ox¥orD, 1889. ] 
15, Prove that if 


In, n= foosre sin nx dx, 


(m+n)Im, n= —cos™x cos nx + Mm—1, n—1, 
d L +o +e t.+= | 
agi [ ce) »|- snl ss 2 q 3 ee " [BERTRAND.] 
16. Tf Ln, n= [cose cos nx dx, 


2, mM, 

cos2nxz d / cos”x m(m — 1 

prove that Jn, n= ——3—G ( ) us 2) ae ps 
2 m—n? dx\cosnx m2—n ? 


and show that 
z _m(m—1) 
bevel) a ae a 


7} 
Wes 1Ge Um, n= [ cos™# sin nx dx, 
0 
iL m 


PRONE) WORN | Oop eg a 
P 2 ae 


Hence find the value (when m is a positive integer) of 


| cose sin 2max dau. 


J [y, 1887.] 
18. Prove that ‘i “cos"x cos nx da= ee 
Orth [BERTRAND. ] 
19. If m+n be even, prove that 
{ 
i cos” 6 cos nOd0=—_— —____. 
om Mtn, M—Ry 
0 an ae 


[CoLLEGES, 1882.] 
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20. Evaluate the integral 


T 
Bh 
ik e—““cos”x ax. 


([CottEcss, 1886. ] 


w. 
2 


z 
Alle 1G: | cos”x cosnxdaz be denoted by f(m, n), show that 
0 


m m 
m, n)=—— f(m—1 l= = iil) 

fom, 0) = fn 1, 241) =—™ fim 1, n= 1) 
[OxrorD, 1890. ] 

22. Prove that if m be a positive integer greater than unity, 

re ‘ i 
| cos" *4 sin n# Ot = ——— 
4 n—1 [OxForD, 1889. ] 


23. Find a reduction formula for the integral [R= ne dae 


sin” : 
24. If um, —f{ dx, where m is not less than n, and m, ” 
x 


are either both odd or both even integers, show that 
(n—1)(n—2)tm, n+ Mm, n—2— Mm — 1)lm—2, n-2=0. 


25. If ee ee 
/ (a+bcosa)” 
Asin « 
show that Un= Gx he osx)" + Bun at CUn—2, 
l b (2n —3)a nm-2 1 
=— joy ae ; 
where A ee ede. (n— 1)(a? — 8?) n—1 a@—b6 
Show that i # alsa 
| (-&intse CG _ayF 16 


e being less than unity. [St. Joun’s Coxt., 1885. ] 
26. Prove that i pace eee 
a+bcosx 

terms when m is an integer. 


dx can be integrated in finite 


Nf, Abi (Of = / Ghar prove that U,, can be calculated 
a x 


from a formula of reduction of the form 
AU,,+ BUp, 1+ CU,_9=sin™*12(a-+ 6 cos 2)-"+, 
and determine the constants A, B, C. (8, 1891.] 
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28, Find a reduction formula for the integral 
kolo 
(log x)” [OxForD, 1889, | 


29. Find a reduction formula for 


[ xwdax 
J (ax? +2bu +c)? [8, 1891.) 
30. Prove that if Y¥=2*+ar+a? 
BA Qn+a ye 32a? / El 
Goh hip DS DO Te lee 
i i 2(2+1) ipripes ) 4 
(Sr. Joun’s, 1889. } 
31. Find reduction formulae for 


(a) [ tanh”sx da. 


(B) ae 


(a+b cosa+esin x)” 
[ é& 1 
Y) | sin" 
32. Establish the following formula for double integration by 


parts, u and v being functions of x, and dashes denoting differ- 
entiation and suffixes integrations with respect to x :— 


| [uote = UV, — 2u'v,43u"'r, — 4u'"U, +... 
+(-1)? nul, 1 +(— 1" Un de + (— 1) | de [wonder 
(a, 1888.] 


CHAPTER VIII 


MISCELLANEOUS METHODS AND EXAMPLES. 
INTEGRALS OF FoRM ibe 
Ge 8 Ge 


88. The integration of expressions of the form 


dz 
D.GUNe 


can be readily effected in all cases for which 


J. X and Y are both linear functions of a. 
Il. X linear, Y quadratic. 
Ill. X quadratic, Y linear. 


If X and Y be both quadratic the integration can 


be performed, but the process is more troublesome. 


89. Case I. XN and Y both linear. 
The best substitution is :— 


dx 
[= \————.. 
vet \car Ja: 
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Putting J cate=y, 
da 
we have eae ce dy, 
and ac+b=“(yr—e) +b, 
dy ; ; 
and I becomes 2|—,—*——, which, being one of 
ay*—ae+be 


the standard forms ee is immediately integrable. 
y 


ae 


Ex. Integrate J= ik 
Cane 


Let NU+Q=Y 
dx 
then a HOH) 
Va+2 . 
2Qdi 1 i 
me (Lap) 
i [po yl yt) 


= ed Nx£+2—1 
Teel Jeot+241 


90. The same substitution, viz., ./- Y=y will suffice 


for the integration of ae when ¢(x) is any 


rational integral algebraic function of x, and X and 
Y are each linear. 


Ex. Integrate J= Ss 
= (2-1) 9 +2 
Writing /7+2=y, we have 


dx 
Vea and G=7%—2, 
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zt yp 8y8 + 24y* — 327?+16 


so that erie, oe 
G1 ys 
=78— by!+ 972-54} 
G0 OY 5 ae 
(by common division). 
Thus a 


=| 6 Batt Qy2®—5 +4 mi if = 1 ) 
2 ly ee 2I3\y—J3 y+A/3 |e 


yet 37) Mee onsen 
ae’ oI 


Bick ens 
= =(w+ 2)"— (#+ 2)? +-3(a +2)? 5(r+2)? ++ log VZtA— NS, 
7 2/3 ~ Vc+24N3 


91. Case II. YX linear, Y quadratic. 
The proper substitution is :— 


Put pea 
y 
Let I={ is an 
(ax +b) / ca? + ex +f 


Putting an+b= a 
zy 


we have, by logarithmic differentiation, 


ade _ S dy 
di+b yy 
and cat +en+f=5(=—b) +2(+—b) +f 
ur\y a\y 
Ay? +2By+C 
= y yp y , Say 
Hence the integral has been reduced to the known 
il dy 
ee 
mas as, / Ay? +2By+C 


which has been already discussed. 
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dx 
(+1 Wx? +4042 


Let #+1=y—1, then cn ous and 
“+1 y 


Ex. Integrate T=[ 


ae erie: an 5 --|[p PP 


os-19 1 cos! 


a Gait /2 aun 


92. It will now appear that any expression of the 


form j AU da 
a+b) Scx? + eat f 


can be integrated, ¢() being any rational integral 
algebraic function of « For by common division 


pla) 


Bc. Cam O=pTensy aap in the form 


M 

an +b’ 

Aa”+ Ba"r-14 ... +I being the sesh and M the 
remainder. We thus have reduced the process to the 
integration of a number of terms of the class 


Ag+ Bar-1+. Par HT Lich 


| Ext 
cree 


and one of the class 


M 1 
eerie as 
The latter has been discussed in the last article, and 
integrals of the former class may be obtained by the 
reduction formula 


a len? + en+f , pers! é 
AU TC i 2r 


“For See 1 lar 2), 
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‘ 
where F(7) stands for ee yy 
J ca? + ea + Nf 
The proof of this is left as an exercise. 
Ex. Integrate J= / ieee) 
(@+1)Va?2+1 i 
2 
By divink x meee da 2 3 
y division alae a+ ray Tr 
Now a =a aa 
xv 
Fe z Sigs sinh-!z, 
YN a0r+ 
and to integrate lene we put 7+ i=tand get 
a y 
1 J dy 
= or -— | ——_., 
racer ee N25 Nyy +h 
i 


-a/a- Gon 1.0. ~ zz sinh 1(Qy—1). 


Thus T=Ne?+14+2sinh—z— = sinh- He ees 
9 


93. Case III. X quadratic, Y linear. 
The proper substitution is :— 


Put /V=y. 
c da 
Let = —— 
aguieane atop 
Putting n/ex+f=y, 
é da = ly 
2/ea+f 
and az?+ba-+c reduces to the form 
Ay'+ By’ +0, 
Waie Cs H 


113 
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and J becomes *| dy 
ejA 


y+ BY +C 
1 2m 
Now Ay + By can be thrown into partial fractions 
as 
AY+ bw Nyt 


ay’+Byty ay +Byty” 
and each fraction is integrable by foregoing rules. 


94. It is also evident that the same substitution 
may be made for the integration of expressions of the 


form 

| p(@) as 

(ax? +bae+c) J ea+f 
where ¢(z) is rational, integral and algebraic; for 
p@) 
axv?+ba+te 
Noy bry 2+... +An 
Ay'+ By+C 

and the rules for partial fractions, may be expressed 
as 


X, 


when ./ex+f is put equal to y, reduces to 


, which by division, - 


the form 


Boye tpi ye ot a 
AY + Mm Ny tue 
Pp in — / / ve 
Pint oP + By ty ay +BY ty 
and each term is at once integrable. 


Ex. Integrate [= i DAD 2 he 
(22+32+3W e041 | 


=2dy, and 


Putting /7+1=y, we have ce 
Va+1 
24.1) 1 1 
r=2f +1)dy _ i a 
ytytl J\Prytl Pays 


Een ne i bree en 
v3 ERE V3 NB 


Not 
x 


; tan-*,/3 
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EXAMPLES. 

Integrate the following expressions :— 
1. 1 1 ati v+ae+l 

aa Ce (a- wee (a +2Va—1 

w+ae+1 

erst WaT ane (2+1Wa2+2r4+3 
3. il 1 4G 

(+12 (a2 +20+2IWat] (v2 +20+2Na+1 

“+1 


(a? +24 +2WV a ei 


95. Cas—EIV. X and Y both quadratic. 


We do not propose to discuss in general terms the 
method of integration of aoe of the form 
where X and Y are both ae and (gx) rational, 
integral and algebraic, as it is beyond the scope of 
the present volume. We may say, however, that the 


proper substitution for such cases is y= and the 


student will glean the method to be adopted from the 
following examples.* 


Ex. 1. Integrate J= Wes dias 
° (a? + a)\/ x? 4 +52 
: a+ b? 
Putting Nee ae 
1 dy G a (a? — b?)x 
y da 22+? x+a? (a*+a*)\(a+ by 
dy (a? — b*)a 


da (02+ $02)? (x2 + b2)2 


* The student may refer to Greenhill’s ‘“‘Chapter on the Integral 
Calculus” for a general discussion of the method. 


116 INTEGRAL CALCULUS. 


$ 
Thus J becomes (2 = arydy. 
(a? —b?)x 
Also (27+ a?)y? = 2? + B, 
so that poe = gue 
grail 
and Y+e0= ales a” 
ye 
Thus / reduces further to — : - VOR a? dy, 
a —b?) ./52— ay? 
é = 1 _1aY 
0.€. if ie cos i 
a 1 aed a We + b2 
— os a cos BN aa (a<6). 
If a> 6, we may arrange J as 
teen 
@—B) Jameaee 
. ze 1 ay 
ae. Saas cosh i 


pes u aN b? 
PEE cosh BN taal (a> 6). 


Ex. 2. Integrate [= / (w@+1)dx , 
J (202-24 +1) N3x?—2¢ +1 


Putting A ee 1, 


Qu? —2Qa+1 
we obtain 1 dy _ ee al 
y de 3u*-Qe+1 Qx?-Qa+1 
is a(x —1) 


ay (3407 — 2x0 -+1)(2x7 —2a + 1) 


The maximum and minimum values y,? and y,? of y? are given 
by #=1 and =0, and are respectively 2 and 1, so that for real 
values of x, y* must be not greater than 2 and not less than 1. 
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2 
N te ee (z—1) 
o Pre tant aie eae 
2 
d ey eo ee gh 4 
oe Et I — 2041 
Thus 7 becomes 
(80°-2241)(20?-2e+1) . /2n?-Qr+1 “+1 dy 
a(a-1) 3a2—-Qa+1 (2x*-Qe+1 WV 302-2041 
Gall Seearmeaape rien 
or - J2x?— 2a +1 dy. 
iceen f 
Now “Tt! J 207 27+] 
ae —1) 
| Z —1) V2 20 #1 
ee, 
SG oa 
eat es 
1 2 
AST wees ete ee 
Vy-1 V2—7? q 
=cosh-"y +2 cores 
eveush teen oe Disncelies 3x2 — 2 2241 
ouortl (fg Von oe+ i 
EXAMPLES. 
Integrate 
ee ee ne east 
(2? + a?) Va? +b? xn y? 1 
1 5 1 ' 
" (Der +1 (0? + 20a +b?) x? + Qax+ 0 
3 : Cy eee 
(a? +1)V (2 + 1)(#—1) (w—1)8(e#+1)? 
Bx+4 


ie ——— 
(5x? + 8a) 4a? —27+1 
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at+bsinx+ccos x% 
a, +b,sinx + ¢,cosx 
This fraction can be thrown into the form 
A B(b,cos « — ¢,sin x) 
(a,+b,sn x+c,cosx)  (a,+b;sma+c¢,cosv) ~’ 
where A, B, C are constants so chosen that 
A+Ca,=a, —Be,+Cb,=b, Bb,+Ce,=c, 


and each term is then integrable. 


96. Fractions of form 


97. Similarly the expression 
atbsina+ccosx 
(a,+6,sin «+ ¢,cos x)” 
may be arranged as 
A B(b,cos x — ¢,sin @) 
(a,+6,sin x+c¢,cos x)” © (a,+6,sin 7+ ¢,cos x)” 
0 
sf (a,+6,sin 7+ ¢,cos £)"-V 
and the first and third fractions may be reduced by a 


reduction formula [Ex. 25, Ch. VII.], while the second 
is immediately integrable. 


98. Similar remarks apply to fractions of the form 
a+b sinh «+e cosh a a+b sinh x+e cosh x 
d,+6,sinha+¢,cosha’ (a,+6,sinh «+¢,cosh x)” 


99. Some Special Forms. 
It is easy to show that 


sin @ 
sin(# — a)sin(« — b)sin(a —¢) 
=> peek cot(«— a), 


sin(a — b)sin(a — ¢) 
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sin2a 


aud sin(# — a)sin(# — b)sin(a—c) 


253 sin?a, 1 
sin(a—b)sin(a—e) sin(#—a)’ 
sin «da 
sin(# — a)sin(w — b)sin(a—c) 


=> Sane log sin(x = a), 


sin(a — b)sin(a 


ee | sin’x da 
sin(#— @)sin(# — b)sin(a — ¢) 


whence \. 


of 3 sin?a ieotan ee 
~ <4sin (a —b)sin(a—c) 8 2 


100. More generally Hermite has shown* how to 
integrate any expression of the form 
(sin 6, cos 0) 
sin(@ — a,)sin(@ — a.) ... sin(@— an)’ 
where /(x, y) is any homogeneous function of «, y of 


7 —1 dimensions. 
For by the ordinary rules of partial fractions 


OD) ie flay, 1) 
(¢—a,)(t—a,) ...(t—Gn) (A,—G_)(4,—Gg) ... (4, — Gn) 
4) F(a, 1) il 
reas (@y— 4,)( Gq — Ag) «+» (Ag — An) fag ca 
which may be written 
= flor, V) 1 


Zi (Gy — A (Ap— Gy) «.. (Gp — An) t— Oy 
(the factor a,—a, being omitted in the denominator 
of the above coefficient). 
* Proc. Lond. Math. Soc., 1872. 
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Putting t=tan0, a,=tana,, a,=tana,, etc, this 
theorem becomes 
J(sin 6, cos 0) 
sin(@— a,)sin(@—a,) ... sin(@ — an) 
a J(sin a,, COS a,) 1 
G ~sin(a, —a,)... SIn(a,—an) sin(O—a,) 


Thus 
| Te / (sO, cod 0) de 


sin(9—a,) ... sin(@— an) 


rT=n ° 
/(sin a;, €0s a,) 6—a, 
= » : : log tan ; 
7=181N(a,—a,) ... SIN(a;y— an) a 
EXAMPLES. 
Integrate 
1 sin v COS NL — COS NA 
pare ; ; ~ cos #—cosa 
sin( - ™)sin(«+2) 
6 6 
9, 68 2x4 —cos 2a 5 sin 24—sin 2a 
* cosx—cosa sin 7—sina 
2 COS 3¥ — COS 3a, 6 cos"ar 
0 See Oe fee ee ee, tee ee 
COS & — COS a sin #(sin*v — sin’a) 


GENERAL PROPOSITIONS. 


101. There are certain general propositions on 
integration which are almost self evident from the 
definition of integration or from the geometrical 
meaning. ‘Thus 


102. 1. | ode = [ ode, 


for each is equal to W¥(b)—vVW(a) if ¢(@) be the differ- 
ential coefficient of y(w). The result being ultimately 


* See Hobson’s T'rigonometry, page 111, 
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_Independent of « it is plainly immaterial whether « or 
z is used in the process of obtaining the indefinite 
integral. 


b c b 
103. IL. | o@de = | wla)dar+ | op(ce) do. 
For if W(x) be the indefinite integral of o(a) 
the left side is ¥(b)—VW(a), 
and the right side is ¥(c)— (a) + (6) — (0), 


which is the same thing. 
Let us illustrate this fact geometrically. 


B 


Let the curve drawn be y=¢(«), and let the or- 
dinates V,P,, N,P,, N,P, be e=a, «=c, x=b respect- 
ively. Then the above equation expresses the obvious 
fact that 

Area VN. .P, area VN PoP + ares N,N,P.P.. 


104, IIL. le ipa l ane 


For with the same oie ony as before 
the left hand side is ¥(b)—VW(q), 
and the right hand side is —[Y() —v(0)]. 
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105. IV. [ oorde=| glaze 


0 0 
For if we put L=A—-Y, 
we have dx= —dy; 
and if L=o, Y=, 
if t=) yd. 
a 0 
Hence | p(a)da = =| p(a—y)dy 
0 a 


ga—y)dy (by IIL) 
plia—x)dx (by 1). 


7 
alt 


Geometrically this expresses the obvious fact that, 
in estimating the area OO’QP between the y and x 


axes, an ordinate O’Q, and a curve PQ, we may if we 
like take our origin at O’, O’Q as our Y-axis, and O'X 
as our positive direction of the X-axis. 
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106. V. [ p@)de=["g(eyde + | Om =e 
0 0 0 


For by IL. 
20, a 20, 
| #@)de=[o@)de+ [o@de, 
0 0 a 


and if we put 2a—a=y, 


we have da=—dy, 
and when L=A4, Y=Aa, 
when x=2a, y=0. 
2a 0 
Thus | p(a)da= = p(2a—y)dy 


=[ $Qa-y)dy 
= | oa —x)da. 


20 a a, 
Hence | w(a)da =| wade | p(2a—ax)da. 

0 0 0 
We leave the obvious geometrical interpretation to 


the student. 


107. VI. Plainly if ¢(@) be such that 
p(2a— x)= p(@) 


this proposition becomes 
2 a 
| " playda =x 2 p(a)da, 
0 0 
and if @(«) be such that ¢(2a—«) = — (@), 
20 
| g(a da =O. 


0 
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Thus since sin’”=sin"(7 — 2), 


1. 2 
ii sin’ dx=2 / sin” dx 3 


0 0 
and since cos*"*+1y = — cos*"+(a — 2), 
and cos’"“ = cos’"(ar — £), 


Tw 
/ cos**+1y da=0, 
‘0 


Tr 
7 Z 
and cos**2 dx=2 i cos”"a dx. 
4 0 


We may put such a proposition into words, thus :— 
To add up all terms of the form sin*xdax at equal intervals 


between 0 and z is to add up all such terms from 0 to . and 


to double. For the second quadrant sines are merely repetitions 
of the first quadrant sines in the reverse order. Or geometri- 
cally, the curve y=sin”# being symmetrical about the ordinate 


a=, the whole area between 0 and z is double that between 
< a 
0 and 2. 

9 


Similar geometrical illustrations will apply to other cases. 
108. VIL If h(a) =¢(a+a) 

| “g(a)da = nf p(ax)da. 

0 0 


For, drawing the curve y=¢(a), it is clear that it 
consists of an infinite series of repetitions of the part 
lying between the ordinates OP, (c=0) and N,P, 
(w=a) and the areas bounded by the successive 
portions of the curve, the corresponding ordinates and 
the w-axis are all equal. 


a 2a, 3a 
Thus | pada = | o(a)da= | p(a)da = ete. 


0 a 2a 


and | #@)ax = nf p(x)da. 


0 0 
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Thus, for instance, 


‘Qa T x 
i sin?’7 da =2 il sin?’xdax=4 [ sin?" dx=4-———- . 
0 0 a) 


Nz 


Fig. 10. 


SoME ELEMENTARY DEFINITE INTEGRALS. 


109. We have seen that whenever the indefinite 


integration Jo@de can be performed, the value of 


b 
the definite integral | ¢(w)da can at once be inferred. 


In many cases, however, the value of the definite 
integral can be inferred without performing the in- 
definite integration, and even when it cannot be 
performed. 

We propose to give a few elementary illustrations. 


Ex. 1. Evaluate J= | ‘i (Qa — x)? vers- dz. 
a 
0 
Writing L=2a—Y, 
we have da=—dy, 
Qan — 2? =2ay —y’, 


4 & sti 
and vers—)” =x ~ vers“, 
a a 
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0 n 
Hence =— / (Qay — ya —- vers? )dy 
“ga 
ae | “(2ay — y)Pdy — 
0 


Hence = S ‘4 (Qay — y?)*dy. 
0 
Putting y=a(1—cos @), dy=asin 6d, 


7 
and we obtain J== a [*sinn16 d= war [sin™29 ag 
A 0 0 
men 1 =A 
n+1n—-1ln-3 ~ 
according as 7 is even or odd. 


=7a 


WA 


Ex. 2. Evaluate /= ‘log sin 7 dx. 
0 


Let i=* me 
then da=—dy ; 
0 z 
and Ti af log cosy dy = | log cos x da. 
os 0 
a 3 
Hence a= [ log sin wda+ / log cos dx 
0 “0 


Py 
=| logsmwxcosxdr 
0 


z 
= ll (log sin 2% — log 2)dxr 
0 


g ; = 
=| log sin 22 dt — log 2. 


it) 

Put ih 
then , da=tdz 
then | log sin 2a di. iG og sin z de= |: log sina dx=J. 

0 6 


0 


ny 
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Thus Dy he f—7 log o2) 
or T= log ns 
20 


3 ; i 7 1 
Thus i; log sin a de= | log cos a da= = log x 
0 0 
Ex. 3. Evaluate J= | Bee: 


0 
Expanding the logarithm, we have 


2 
Ia ['(1+§+o454+ to « de 
Sel ey ee ae 
(gtatatat.)= C 
If we put x=1-y, 
we have I=- ~ [Peay See 
1 


1 
Hence we also have i ee de a 
0 


Ex. 4. Evaluate T= [ log(x+1) 9 


0 
Put a=tan 6, 
.. dx=sec?6 dé; 


*. Ls hae 0+ cot 0)dé 


-[ log —34 


=i) (log sin 9 + log cos #)d6 


i} 


= ~2 [log sin 0@0=7 log 2. 
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110. Differentiation under an Integral Sign. 


Suppose the function to be integrated to be (a, ¢} 
containing a quantity ¢ which is independent of a. 

Suppose also that the limits w and 6 of the integra- 
tion are finite quantities, and independent of c. 

Then will 


Sf $0, o)dx= [Lav (x, | da. 


For let v=[ pla, c)da. 
a 
Then w+ du= > p(x, ¢+ de)da, 
ae =| ° d(a, os p(x, oes 
ee 


a 


which, by Taylor’s theorem, 
b y 2 =a 
=| Ez ¢) , 8 Cd(a, 2. fee 


Oc 2° ec? 


PP egGasxe):. 6c ee : 
=| SN de+ 2 aot. [de 


a 


And if z, say, be the greatest value of which es. 
be capable, 


b 
aol 


and vanishes in the limit when éc is indefinitely 
diminished. ‘Thus in the limit 


ow _ (? Od(@, ¢) 
Oc =| Oc oe 


a +.. _ atx <do(b—a)z, 


@ 
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111. The case in which the limits a@ and b also 
contain ¢ is somewhat beyond the scope of the present 
volume. 


112. This proposition may be used to deduce many 
new integrations when one has been performed. 


Thus since 


tan-t/2=4 (c+a>0), 
cta 


(= =_ 2 
(catewa-a No+a 
we have, by differentiating 7 times with regard to c, 
{ : te ee fe = tan-t4/2= a. 
(a+) Wa—a ni! = Wee e+e 
Also, differentiating m times with regard to a, we obtain 
il Bo la S Niet 
Clp= tan“! 
iL ee SE C7 a) ier oi 
(w-+c)e—a) 2 ( ) Ne+a 


Similarly, differentiating this latter p times with regard to 
ce, we obtain 


daz 
mat 


(w+oP*Xe—a) ? 
gat 1)e ont? ; 
~(p!). I Wes sien Oa i) Oca” See Ba al 


EXAMPLES, 
1. Obtain the following integrals :— 


(i.) / (l+2)2a bdo, i CRE aar 


l+a 
ii.) / (1+a)"(1 +20) %dx. (vi) lene 
(i) fo a2 — 32+ 2”) hae, (vii.) s — 
oe) Ia eh +r+a2 nm Nie 7a 


E. 1. C. 
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2, Integrate (i.) ie 
(a? +b? = 2) (a? — 2)(a? — 8) 
(St. JoHN’s, 1888. ] 


(iy SO A. 
(a? + a?) a? +2 [St. JoHn’s, 1889.] 
(iii.) y 


sin 6V'acos?6-+b sin2?0+c (Trinrry, 1888. ] 
3. Find the values of 


G) f- sin x da 
- (cos + cos ONG xz +cos B)(cos #+cos y) 
(ii.) / cos(v-+a)v\ =a + B)cos(a+y) Ly, 1890.] 


4, Prove that, with certain limitations on the values of the 
constants involved, 


J dx 52 1 (apse beat, 


5 ~ are sin 
(2 —p)(ax?+2be+c)? (—ap?—2bp—c)? (x — p)(b?— ac)? 

(Trinity, 1886. } 
5. Prove that | (cos 7)"da may be expressed by the series 


3 5 isp 
sin’ ee © sin’ 
3 5 ame 
n-1 
N,, No, Nz, ... being the coefficients of the expansion (1+a) 2 , 
and m having any real value positive or negative. 
[SmrrH’s Prizk, 1876.] 
6. Evaluate the following definite integrals :— 


sin v— VV, 


corre eUCr, 


(i) [ oe 
1420 +2274 2a + 4% 


(ii) r gene 
(a 24 y2)2 a”) (St. Jonn’s, 1888. ] 


Jada 


(iii.) [ (+2)\(2+a\(3+.2) [OxForD, 1888. ] 


7. Prove that i : dar = us 
» (1+ 22\(1 — x2) ON 


2/3 3 
8. Show that | 3(2? —3)?dz= 18028. 


ay [OxForRD, 1888. ] 
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9. Evaluate (i.) © [8 os 
cos” 


(ii) is Ste ee, 
js 4+5singz (I. C. S., 1889.] 
(iii.) ie a LS ter 
1-—2acosr+a? [I. C. S., 1888. ] 


10. Prove that [ cos"“dxz is equal to zero or m(n!)/2"(4n!)? 


according as 7 is odd or even. 
If S denote the sum of the infinite series 


sintz  sin’x 
at igpuess 


z 2 
prove that i Sdx=~-2, 
; 4 2 


sin2y + 


{Oxrorp, 1890. ] 


11. Prove that if ¢c be <1, 


na 


2 7 
(i.) [sin c08.2) ote =ath eure 
0 


fii.) 2 [ in oomayitem Er Sete +.. 


12. Prove that [ ee 5) 10= log 2. 


sin 9 
13. Find a reduction formula for if e-* sin”x dx. 

9 [Sr. Jonn’s, 1888. ] 
14, Evaluate (i.) [sine log sin x dx. 


[5, 1883. ] 
0 


z 
(ii.) / tan # log sin # dx. [Sr, JouN’s, 1882. 
0 


z 
(iii.) (i sin 27 log tan x dx. [Sr. Jouw’s, 1886, 
0 


132 INTEGRAL CALCULUS. 


: 2 da 
15. Evaluate (1.) i ainiea Cae [L. G. S., 1887.] 
sin 20 
. ig ntoieco: [I. ©. S., 1891.] 
atanzdz 7? 
16. Prove (i.) een, ee iPormso 
(ii.) r aa ae 
R a—cose 2a/a?—-1 
a being supposed greater than unity. [OxrorD, 1890.} 
34, (Plow 3? 
: : oe 
17. Prove (i.) | ita hi 3 
* %. weed =f0 
(ii.) i (22 lg = 37". 
18. Prove that 
Waaz 234 2:405 2.4.6, 
s+ mE ae — 0 eo 
ee (ee ee ee Peer 
y [OxrorD, 1889. ] 
19. Prove that 
z 2 2 92 72 
a dé -=14¢heyl: 34 Mea ae 
7! (1 —ecos?6)? 2 22, 44 2426 


e being supposed < 1. 
20. Prove that 


we x 
rxqy =] — Cc. 
ir vay = one ait es Ree etc 
I [Matu. Tripos, 1878.] 
21. Prove that 
Uy lees 1 


ee ye ey ee 2h 
1 atg-ist Ty ad inf. gil +v2) 


22. If d(x)= — d(2a—2), [ bax)de= — [sere 


(8, 1888. } 


re. HALL, etc., 1886.] 


23. Prove that iF Bee milite Ge aes, provided («) 


remains finite wea x vanishes. [Sr. JoHn’s, 1883. ] 
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24, Prove that il = i “ g(x) + $(2a—~x)}da, and illus- 
0 0 


trate the theorem geometrically. 
25. If f(7)=f(a+.2), show that 


[fede =(n-2) ["a)ae, 


and illustrate geometrically. 
b ce = —_ 
26. Show that | Made ir "$(%2 ee “ae. 
GPs GIP ie 
Determine by integration the limiting value of the sums 
ee the following series when 2 is indefinitely great :— 
(Cig eae sega ae eee 
pele tones 1s Ren [a, 1884.] 


n 
cm) ee ee 


at et Sa [Ox¥orD, 1888. ] 
3 1 il i 1 
i. = a Ec ee 
a J2n—-12? V4n—22 V6n—3? N2n? — n2 
(CLARE, etc., 1882.) 


. at BOS . 24 277 KOT 
= in sin 
We ) + {sin 2n ag ope 2n 


+...+sin’ any k being an 
integer. [St. JoHn’s, 1886.] 
28. Show that the limit when 7 is increased aes of 


ae % (32 3 
(n—m)*® | (2?n—m)® | (3?n —m) (n? — m)s ee 
n a 2n a 3n ee n* 2 


[CoLLEGEs, 1892. ] 
29. Show that the limit when » is infinite of : 


{ (a). o(a+*).o(a+%).. o(a+m)) 


1 fath 
fg oh log P(z)dx, 
Apply this result to find the limit of : 


{(2+3)(142)(42)..(42)}" 


(CLARE, etc., 1886. ] 
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1 


30. Find the limiting value of (n!)"/n when x is infinite. 


31. Find the limiting value when z is infinite of the mth part 
of the sum of the 7 quantities 
n+l N+2 n+3 N+N , 


Hie ne Fae a nN ek 


and show that it is to the limiting value of the mth root of the 
product of the same quantities as 3e:8, where e is the base of 
the Napierian logarithms. [OxrorD, 1886.] 


32. If na is always equal to unity and n is indefinitely great, 
show that the limiting value of the product 


{1 tat} {1+ a)*}*41 +(30)4}8 {1 + (4a)t}* + (na)s}" ie 
[OxForD, 1888.] 


CHAPTER IX. 
RECTIFICATION, Ere. 


113. In the course of the next four chapters we 
propose to illustrate the foregoing method of obtain- 
ing the limit of a summation by application of the 
process of integration to the problems of finding the 
lengths of curved lines, the areas bounded by such 
lines, finding surfaces and volumes of solids of 
revolution, ete. 


114. Rules for the Tracing of a Curve. 


As we shall in many cases have to form some rough 
idea of the shape of the curve under discussion, in 
order to properly assign the limits of integration, 
we may refer the student to the author’s larger 
Treatise on the Differential Calculus, Chapter XIL., 
for a full discussion of the rules of procedure. 

The following rules, however, are transcribed for 
convenience of reference, and will in most cases 
suffice for present requirements :— 


115. I. For Cartesian Equations. 


1. A glance will suffice to detect symmetry in a 
curve. 
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(a) If no odd powers of y occur, the curve is sym- 
metrical with respect to the axis of w Simi- 
larly for symmetry about the y-axis. 

Thus y?=4az is symmetrical about the a-axis. 

(b) If all the powers of both # and y which occur 
be even, the curve is symmetrical about both 
axes, ¢.g., the ellipse 


2 y? 
Ae raat 


(c) Again, if on changing the signs of # and y, the 
equation of the curve remains unchanged, there 
is symmetry in opposite quadrants, eg., the 
hyperbola cy =a”, or the cubic «*+ y? = 8aa. 

If the curve be not symmetrical with regard to 
either axis, consider whether any obvious transforma- 
tion of coordinates could make it so. 

2. Notice whether the curve passes through the 
origin’; also the points where it crosses the coordinate 
axes, or, in fact any points whose coordinates present 
themselves as obviously satisfying the equation to the 
curve. 

3. Find the asymptotes; first, those parallel to the 
axes ; next, the oblique ones. 

4. If the curve pass through the origin equate to 
zero the terms of lowest degree. These terms will 
give the tangent or tangents at the origin. 

5. Find ie and where it vanishes or becomes in- 
finite; 2.¢., find where the tangent is parallel or per- 
pendicular to the a-axis. 

6. If we can solve the equation for one of the 
variables, say y, in terms of the other, x, it will be 
frequently found that radicals occur in the solution, 
and that the range of admissible values of # which 
give real values for y is thereby limited. The existence 
of loops upon a curve is frequently detected thus. 
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7. Sometimes the equation is much simplified when 
reduced to the polar form. 


116. Il. For Polar Curves. 


It is advisable to follow some such routine as the 
following :— 

1. If possible, form a table of corresponding values 
of r and @ which satisfy the curve for chosen values 


of 6, such as @=0, a ee ae ete. Consider both 


positive and negative values of 0. 

2. Examine whether there be symmetry about the 
initial line. This will be so when a change of sign of 
@ leaves the equation unaltered, e.g., in the cardioide 
7 = a(1—cos 6). 

3. It will frequently be obvious from the equation 
of the curve that the values of 7 or @ are confined 
between certain limits. If such exist they should be 
ascertained, e.g., if r=asin 10, it is clear that + must 
lie in magnitude between the limits 0 and a, and the 
curve le wholly within the circle r=a. 

4. Examine whether the curve has any asymptotes, 
rectilinear or circular. 


RECTIFICATION. 


117. The process of finding the length of an are of 
a curve between two specified points is called recti- 
fication. 

Any formula expressing the differential coefficient 
of s proved in the differential calculus gives rise at 
once by integration to a formula in the integral 
calculus for finding s. We add a list of the most 
common. (The references are to the author’s Diff. 
Cale. for Beginners.) 


118. In each case the limits of integration are the 
values of the independent variable corresponding to 
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the two points which terminate the are whose length 
is sought. 
Formula in the Diff. Cale. Formula in the Int. Cale. |Reference. Observations. 
abs d AaNe P.-98. | For Cartesian Equa- 
ia7 N14 (2) =f f14(2) dx. tions of form 
y =S(@). 
ds _ dx\? a. P. 98. | For Cartesian Equa- 
dy — (5) : || 1+ (=) d tions of form 
Y x = f(y). 
ds _ AC ry fare P.103. } For Polar Equations 
do ar (3) 5 [afr (5) ae os of form 
; r= f(6). 
Ss do a ~ /de\2 P. 108. | For Polar Equations 
dr \ +12") o= [fier 5) dr. aa of form 
, 0=f(r). 
ds _ ax\? /[dy\? | .— dx\2 /dy\2 P. 100. | For case when curve 
aN) +B) | NG) + Gy given a 
xe =f(t), Ue Fit). 
ds Rae “ r dr Pp. 103,) For use when Pedal 
dr oe WE =p? os Vp 105. Equation is given, 
ds _ dp __ap P-148. | For use when Tan- 
ay 2 ayx ape Ray: Sane gential Polar 


119. We add illustrative examples :— 


Hx. 1 


Equation is given. 


Find the length of the are of the parabola 2?=4ay 


extending from the vertex to one extremity of the latus-rectum. 


y=~, y=, and the limits are r=0 and r=2a. Hence 
4a * 2a 


arc 


Re ae ae Oe es 
=5, Z S ae +3 log(a +x? + 4a?) | 
0 


1 — Si 
= 7gl2~w 8a? + 4a*log(1 +4/2)] 


=a[V2 + log(1+N2)]. 
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Ex. 2. Obtain the same result by taking y as the inde- 
pendent variable. 


lat e and the limits are y=0 and y=a. Hence 
y 


Se A em (Put y=atan?d. 
are= | ; ye and:.*. dy=2a tan 0 sec?20 dé.) 


0 T 
£ 

= aq) and see 4 log(tan 6+sec 9) | 
0 


=a[V2 +log(1+2)]. 
Ex. 3. Find the perimeter of the cardioide r=a(1 —cos 6). 


Fig. 11. 


The curve is symmetrical about the initial line, and @ varies 
from 0 to z for the upper half. 


Hence arc= 2 | " JaX(1 — cos 02+ asin20 dd 


') 


) 
see sinSd@=| ~8a.cos 4 =8a, 
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Ex. 4. Find the length of the arc of the equiangular spiral 
p=rsina between the points at which the radii vectores are 
7, and 7». 

iceman 


va rdr 
Here arc= / ee = . 
i JP—Psinta cosa 
1 


Ex. 5. Find the length of any are of the involute of a circle, 
whose equation is p=AW+ B. 


Here s= Ee [rar]; = Aue —Wy)+Bor.- Vy), 


where vy, and yy, are the values of wat the beginning and end 
of the are respectively. 


120. Formula for Closed Curve. 
In using the formula 


o= 5 |pay 


in the case of a closed oval, the origin being within 
the curve, it may be observed that the length of the 


whole contour is given by “pd, for the portion 


0 
Fa disappears when the limits are taken. 


Ex. Show that the perimeter of an ellipse of small eccen- 


4 
tricity e exceeds by a of its length that of a circle having the 


same area. [y, 1889.] 
Here p?=a@cos + b’sin*y = a?(1 — e’sin*y), 

where wW is the angle which p makes with the major axis. 

Hence p= a( 1- sesin’yy - seisin'y. as iF 

Hence s= 4a} 5 - ze ; 3 — athe : ; zi (very approximately} 


=27ra — sre = Arraet. Pr 
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The radius (7) of a circle of the same area is given by 
rP=ab=aX(1— e)8, 


and its circumference = ara 1- ie - ay ). 


32 


: : ‘ : 3 8 3et 
.. Circumf, ellipse — ts 1 =( = )a 4 
u ellipse ae RON reese PEI Qra 


Set - ; : 
wr [circ. of circle], as far as terms involving e+, 


EXAMPLES. 


1. Find by integration the length of the arc of the circle 
xz’?+y"=a?*, intercepted between the points where =a cos a and 
“=a cos B. 


2. Show that in the catenary y=ccosh” the length of are 
c 
from the vertex (where «=0) to any point is given by 
oa 
s=csinh —. 
c 


3. In the evolute of a parabola, viz., 4(vc—2a)?=27ay", show 
that the length of the curve from its cusp (v=2a) to the point 


where it meets the parabola is 2a(3V3 — 1). 
4. Show that the length of the arc of the cycloid, 
a2=a(0+sin A 
y=a(1—cos 8), 
between the points for which 6=0 and 0=2y, is s=4asin p. 
5. Show that in the epicycloid for which 


2=(a+b)cos §—b cos any 
y=(a+b)sin 0-6 sin Bey 


b 
pl ) COS spo 


s being measured from the point at which 0=7b/a. 
When b=— ? show that «? tyt=at ; and that if s be 


measured from a cusp which lies on the y-axis, s° « 2%, 
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6. Show that in the ellipse r=acos 6, y=bsin @, the peri- 
meter may be expressed as 


Bar {1-3 Sot gly“ ateeer eae 


7. Find the length of any are of the curves 
(i.) r=acos 6. Gil.) r=aé.- 


(Gi) PSO (iv.) r=a sin??, 


8. Apply the formula =i + [p dw to rectify the cardioide 
whose equation is r=a(1+ cos 6). (TRrnitTy, 1888. ] 


9. Two radii vectores OP, OQ of the curve 
ge 2 12 2) 
T= 20 COs cha 


are drawn equally inclined to the initial line; prove that the 
length of the intercepted arc is aa, where a is the circular 
measure of the angle POQ. [AspaRracus, Educ. Times. ] 


10. Show that the length of an arc of the curve y*=”"*” can 


: ; é n Dy Ie 
be found in finite terms in the cases when —— or =—+>5 is an 
integer. 2m = 2m 2 


11. Find the length of the are between two consecutive cusps 
of the curve (c?—a*)p?=c*(r?— a”). [Epicycloid.] 


12. Find the whole length of the loop of the curve 
8ay?=x(x — a). [OxrorD, 1889.] 


13. Show that the length of the arc of the hyperbola xy=a? 
between the limits w=b and xw=c is equal to the arc of the 
curve p*(a++r*)=a'r* between the limits r=), r=c. 

[Oxrorp, 1888. ] 


14. Show that in the parabola 741 +008 0, sina? and 
hence show that the arc intercepted between the vertex and the 
extremity of the latus rectum is a{/2+log(1+2)}. 

[I. C. §., 1882.] 
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121. Length of the Arc of an Evolute. 


It has been shown (Diff. Calc. for Beg., Art. 157) 
that the difference between the radii of curvature at 


a 
A 


H 
Fig. 12. 


two points of a curve is equal to the length of the 
corresponding arc of the evolute ; 


i.¢., if ah be the are of the evolute of the portion AH 
of the original curve, then (Fig. 12) 


arcah=Aa— Hh, i.e. p (at A) —p (at H), 


« 
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and if the evolute be regarded as a rigid curve, and a 
string be unwound from it, being kept tight, then the 
points of the unwinding string describe a system of 
parallel curves one of which is the original curve AH. 


Ex. Find the length of the evolute of the ellipse. 


Let a, a’, 8, B’ be the centres of curvature corresponding to 
the extremities of the axes, viz., A, A’, L, B’ respectively. The 
arc af of the evolute corresponds to the are AB of the curve, 
and we have (Fig. 13) 

h2 


are a8=p(at B)—p(at a = 


a 


3 


[for rad. of curv. of ellipse = ae Ex. 3, p. 153, Diff. Cale. for Beg. |. 
ie 


Thus the length of the entire perimeter of the evolute 


EXAMPLE. 


Show in the above manner for the parabola y?=4av that the 
length of the part of the evolute intercepted within the parabola 


is 4a(3V3—1). 


122. Intrinsic Equation. 


The relation between s, the length of the are of a 
given curve, measured from a given fixed point on 


Fig. 14. 


the curve, and the angle between the tangents at the 
extremities of the arc is called the Intrinsic Equation 
of the curve. 
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123. To obtain the Intrinsic Equation from the 
Cartesian. 


Let the equation of the curve be given as y=/(z). 
Suppose the a-axis to be a tangent at the origin, and 
the length of the are to be measured from the origin. 


Then CAIN Veet yee seatos spats shen (1) 
also s= Jy DEAL) | PO atce chen eroet soe (2) 


0 


If s be determined by integration from (2), and a 
eliminated between this result and equation (1), the 
required relation between s and vy will be obtained. 


Ex. 1. Intrinsic equation of a circle. 


P 
v 


Fig. 15. 
If y be the angle between the initial tangent at A and the 
tangent at the point P, and a the radius of the circle, we have 


POA=PPX=y, 
and therefore s=aw. 


Ex. 2. In the case of the catenary y+c=ccosh “the in- 
trinsic equation is s=c tan. & 


For tan y= y = sinh® 


d. ; x 
and a A/1 + sinh?==cosh=, 


E. I. C. K 
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ee 
and therefore s=csinh-—, 
c 


the constant of integration being chosen so that w and s vanish 
together, whence 
s=ctany. 


124. To obtain the Intrinsic Equation from the 
, Polar. 


Fig. 16. 


Take the initial line parallel to the tangent at the 
point from which the are is measured. Then with the 
usual notation we have 


vr =f(0), the equation to the curve,....... (1) 
ADs) Fe thea tect ta. Prune ae Ode yar oe teE (2) 

dé 0 
tan co) — Up =a SOLO GOO UAH OOO 56 OSG GObGD DUO. (3) 


ds dr\? : on 
bs nt (Oy = SOF FUPOR, (4) 

If s be found by integration from (4), and 0, @ 
eliminated by means of equations (2) and (3), the 
required relation between s and yy will be found. 

Ex. Find the intrinsic equation of the cardioide 

r=a(1—cos 6). 
Here W=0+¢ 


_a(1—cos 8) _ 0 
and tan a ee Re tan 3 
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Hence ead 
2 
and v= 6 _ 36 
! Pea 2 
_2 
VY 


Fig. 17. 
ds _ fp diag thee 
Also gan8 (1 —cos 0)? + asin?0 
=2a sin a 
2 
De aun 
and s= —4a cos <+C. 
If we determine C’ so that s=0 when 9=0, we have 
C=4a, 
0 
75 s=4a( - cos), 
or s=4a(1 — cos), 


the intrinsic equation sought. 
We may notice that if A be the vertex, the are AP is 4a cos ‘ 
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125. When the Equation of the Curve is given as 
av = fio), v= p(t), 


_dy_ (t) 
= aen Py eD 


Also Oa A Qe = JPOP OP. «-+---(2) 


By means of equation (2) s may be found by in- 
tegration in terms of ¢. 

If then, between the result and equation (1) t be 
eliminated, we shall obtain the required relation 
between s and y. 


we have tan Wy 


Ex. In the cycloid 
wv=a(t+sin Zt), 


¥y=a(1—cos f), 
h t — Samy ene 
we have an Rest 
O5 GON 
AS frac t 
Also tole + cos t)?+sin’t=2a cos - 


Sete ae 
whence s=4a sin 3 if s be measured from the origin where ¢=0. 


Hence s=4a sin yf is the equation required. 


126. Intrinsic Equation of the Evolute. 


Let s=f() be the equation of the given curve. 
Let s’ be the length of the are of the evolute measured 
from some fixed point A to any other point Q. Let 
O and P be the points on the original curve corre- 
sponding to the points A, @ on the evolute; po, p the 
radii of curvature at O and P; y the angle the 
tangent YP makes with OA produced, and W the 
angle the tangent PZ’ makes with the tangent at O. 
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Then Vy’ =v, and 
; ds 
8 Se a 


or =f) po 


Fig. 18. 


127. Intrinsic Equation of an Involute. 
With the same figure, if the curve AQ be given by 
the equation s’=/(W"), we have 


p=8 + pos o= Fp and Y=, 
whence s=|{/O))+ pola. 


Ex. The intrinsic equation of the catenary is s=ctany 
(Art. 123), 


Hence the intrinsic equation of its evolute is 
8=C Sec" — po, 


and po=radius of curvature at the vertex 
Se [e = pn? sec’y and v=o], 


.’. the evolute is s=c(sec™—1), or s=c tan”. 
The intrinsic equation of an involute is 
s= |(c tan y+ A)dw 
=clogsecy+ A+ constant ; 
and if s be so measured that s=0 when y=0, we have 
s=c log(sec y)+ Ay. 
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128. Length of Arc of Pedal Curve. 


If p be the perpendicular from the origin upon the 
tangent to any curve, and x the angle it makes with 
the initial line, we may regard p, x as the current 
polar coordinates of a point on the pedal curve. 

Hence the length of the pedal curve may be cal- 
culated by the formula 


J o+ Ge) ax 


Ex. Apply the above method to find the length of any arc 
of the pedal of a circle with regard to a point on the circum- 
ference (¢.e. a cardioide). 


Fig. 19. 


Here, if 2a be the diameter, we have from the figure 


p= OP cs* 5 = 2acos*S. 


Hence are of pedal = if 2 A acost® +a? sin’ cos? Fay 


= | 20 cos *dx = 4a sin s+ CG 


The limits for the upper half of the curve are x=0 and x=7. 
Hence the whole perimeter of the pedal 


=2[ 4a sin = =8a. 
2-10 
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EXAMPLES, 


1, Find the length of any are of the curve yX{a—2#)=2°. 
[a, 1888.] 


2. Find the length of the complete cycloid given by 
2=a0+asin 6,\ 
y=a —acos6. J 


3. Find the curve for which the length of the arc measured 
from the origin varies as the square root of the ordinate. 


4, Show that the intrinsic equation of the parabola is 
s=atan psec y+a log(tan +sec W). 


5. Interpret the expressions 


(i.) ie as (ii) fo a (iii.) IG 1 B\as, 


wherein the line integrals are taken round the perimeter of a 
given closed curve. [Sr. Joun’s, 1890. ] 


6. The major axis of an ellipse is 1 foot in length, and its 
eccentricity is 1/10. Prove its circumference to be 3:1337 feet 
nearly. (TRINITY, 1883. ] 


7. Show that the length of the are of that part of the 
cardioide r=a(1+cos@), which lies on the side of the line 
4r = 3a sec 6 remote from the pole, is equal to 4a. [Oxrorp, 1888.] 


8. Find the length of an arc of the cissoid 
_ sin’ 


cos 


9. Find the length of any arc of the curve 
Vos yp ee 
10. Show that the intrinsic equation of the semicubical para- 
bola 3ay?= 223 is 9s = 4a(sec*y — 1). 
11. In a certain curve 
a=esin A 
y=e'cos 0, 
show that s=eN2+C. 
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12. Show that the length of an arc of the curve 
az sin @+y cos 0=f' (6), 
azcos 6—y sin 6=f'"(8), 
is given by s=fA+f"(A+C. 
13. Show that in the curve y=a log sec = the intrinsic equa- 
tion is s=agd-ly. 


14. Show that the length of the arc of the curve y=log coth= 
sinh Lo 


nha, 


between the points (2, 4), (Xa, Ye) is log — 


15. Trace the curve t= (am), and find the length of that 
3a 


part of the evolute which corresponds to the loop. 
[St. JoHn’s, 1881 and 1891.] 


16. Find the length of an are of an equiangular spiral 
(p=r sina) measured from the pole. 

Show that the arcs of an equiangular spiral measured from 
the pole to the different points of its intersection with another 
eqriangular spiral having the same pole but a different angle 
will form a series in geometrical progression. (Trinity, 1884.] 


17. Show that the curve whose pedal equation is p?=7r?—a? 

2 

has for its intrinsic equation a=. 
18. Show that the whole length of the limagon r=acos 6+6 


is equal to that of an ellipse whose semi-axes are equal in length 
to the maximum and minimum radii vectores of the limagon, 


19. Prove that the length of the nth pedal of a loop of the 
curve 7”=a"sin m6 is 


= mn=m+1 
a(mn+1) / (sinmé) ™ dé. fe, 1883. ] 
0 ™ , 


20. Show that the length of a loop of the curve 
Ba%y —y = (a2 + 93 
Gia as 
vi-# (Sr. Joun’s, 1881.] 
0 


CHAPTER X. 


QUADRATURE, Etc. 


129. Areas. Cartesians. 


The process of finding the area bounded by any 
portion of a curve is termed quadrature. 

It has been already shown in Art. 2 that the area 
bounded by any curved line [y=¢(a)], any pair of 
ordinates [v=a@ and «=b] and the axis of x, may be 
considered as the limit of the sum of an infinite num- 
ber of inscribed rectangles; and that the expression 


for the area is 


fy de or | (x) da. 


In the same way the area bounded by any curve, 
two given abscissae [y=c, y=d] and the y-axis is 


ad 
Jou. 


c 


130. Again, if the area desired be bounded by two 
given curves [y=¢(x) and y=y/(«)] and two given 
ordinates [e=a and «=5], it will be clear by similar 
reasoning that this area may be also considered as the 
limit of the sum of a series of rectangles constructed 


154 INTEGRAL CALCULUS. 


as indicated in the figure. The expression for the 
area will accordingly be 


UY PQ de or [ {6@)— Wo) 


Y= o(%) 


Fig. 20. 


Ex. 1. Find the area bounded by the ellipse 


ordinates z=c, v=d and the w-axis. 


= 2 a 
Here area= [7 oa? — ada = b ae a “+58 sin | 
a 


= P| ave —d?— Wat 2+ a2( sin™d ~sin72 ) 
2a a a 
For a quadrant of the ellipse we must put d=a@ and c=0 and 
the above expression becomes 
ate a OF mab 
La 2 4 
giving zab for the area of the whole ellipse. 


Ex. 2. Find the area above the z-axis included between the 
curves y?=2ax —x? and y?=az. 

The circle and the parabola touch at the origin and cut again 
at (a, a). So the limits of integration are from x=0 to r=a. 

The area sought is ther efore 


ak ate Qax — a —Jaalde. 
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Now, putting v=a(1—cos 6), 


me os 
i! an — ade = | asin’9 dd =a —o 
Ui / 


0 
and }) SEE ey = 3a. 


Thus the area required is ai 7 = a 


Fig. 21. 


Ex. 3. Find the area 
(1) of the loop of the curve «(a?+ y?)=a(xz? —y”) ; 
(2) of the portion bounded by the curve and its asymptote. 


9a—x 


Here a 
er ¥y aie. 


To trace this curve we observe *— 


(1) It is symmetrical about the x-axis. 

(2) No real part exists for points at which 7 is >a or 
<1 

(3) It has an asymptote 7+a=0. 

(4) It goes through the origin, and the tangents there are 

ah dea 

(5) It crosses the z-axis where #=a, and at this point aY ig 
infinite. ade 

(6) The shape of the curve is therefore that shown in the 
figure (Fig. 22). 


Hence for the loop the limits of integration are 0 to a, and 
then double the result so as to include the portion below the 
@-axis. 
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For the portion between the curve and the asymptote the 
limits are —a to 0, and double as before. 
For the loop we therefore have 


area=2 arf ede ; 
b a+xz 


for the portion between the curve and the asymptote, 


0 o= 
area=—2] 2 “dir 


a+ 


—a 


Fig. 22. 
To integrate f: [2=2ae t 
grate | w/2—“de, pu 


avz=acos@ and dxr=—asin édé. 


Then eee ga(C= 208 Fa sin 98 
1) a Reap cos?@)d0 
0 ry 
mo(-$5)-(22)e 
and 
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ie rele 53 2 
Again, on [Hae =- [ a cos ZN eee sin 0d0 
we : — cos 


Le 


=a? il “(cos 0 —cos?6)d0 


=-«(1+2). 


[The meaning of the negative sign is this:—In choosing the 
+ sign before the radical in y=xa/“—” we are tracing the 
a+a a 
portion of the curve below the x-axis on the left of the origin 
and above the axis on the right of the origin. Hence y being 
negative between the limits referred to, it is to be expected 
that we should obtain a negative value for the expression 


lt S yx 


Thus the whole area required is 


2 ¢ a 
a Len 


[It must also be observed in this example that the greatest 
ordinate is an infinite one. In Art. 2 it was assumed that 
every ordinate was finite. Is then the result for the area 
bounded by the curve and the asymptote rigorously true ? 

To examine this more closely let us integrate between limits 
—a+e and 0, where ¢ is some small positive quantity, so as 


3 


to exclude the infinite ordinate at the point v= —a, we have 
as before 
fe a) oder = a |" Pees @—cos?6)d6 
a+«z 
ae " 
where —at+e=acos(r — 4), 


so that 6 is a positive small angle. This integral is 


i 1w—O si .¢ 
elon a Fama eink Fp til 


=a°| -1 -F4S+sin 54502) 


which approaches indefinitely close to the former result 


-a@(1+7) 
a(t 


when 6 is made to diminish without limit.] 
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EXAMPLES. 


1. Obtain the area bounded by a parabola and its latus 
rectum. 


2. Obtain the areas bounded by the curve, the z-axis, and the 
specified ordinates in the following cases :— 


(a) y=ccosh™, HneA0) 10) Lo — IOs 


@) =e% = ONO —. 
©) y= Nae a3, 2=N#—B to «=a, 
(d) y=xe, L—O 0 —/- 
(CQ) geo? GLO 0: 
Gf) ay=F?, D=G 0, 4—D, 


3. Obtain the area bounded by the curves y?=4ax, x?=4ay. 

4. Find the areas of the portions into which the ellipse 
x?/a?+y4?/b?=1 is divided by the line y=c. 

5. Find the whole area included between the curve 

ay? = ay? — x) 

and its asymptotes. 

6. Find the area between the curve 7?(a+w)=(a—.2)* and its 
asymptote. 

7. Find the area of the loop of the curve y?a + (7 +a)(v + 2a)=0. 


131. Sectorial Areas. Polars. 


When the area to be found is bounded by a curve 
vy =f(@) and two radii vectores drawn from the origin 
in given directions, we divide the area into plement Vy 
sectors with the same small angle 60, as shown in the 
figure. Let the area to be found be bounded by the are 
PQ and the radii vectores OP, OQ. Draw radii vectores 
OP,, OP,, ... OPy-1 at equal angular intervals. Then 
by drawing with centre O the successive circular arcs 
PN, P,N,, P,N,, etc., it may be at once seen that the 
limit Gr the sum of the circular sectors OPN, OP,N,, 
OP,N,, etc.,18 the area required. For the remaining 
elements P NP, , PNP, P,N,Ps, ete., may be made to 
rotate about 0 so as to occupy new positions on the 
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greatest sector say OP, _1Q as indicated in the figure. 
Their sum is plainly less than this sector; and in the 
limit when the angle of the sector is indefinitely 
diminished its area also diminishes without limit pro- 
vided the radius vector OQ remains finite. 


Fig. 23. 


The area of a circular sector is 
}(radius)” x circular meas. of angle of sector. 
Thus the area required =4Lt>r7d6, the summation 
being conducted for such values of @ as lie between 
6=a20P and 0=20P,,-1, v.¢.,2O0Q in the limit, Ox being 
the initial line. 
In the notation of the integral calculus if zOP =a, 


and 20Q= 8, this will be expressed as 


B B 
sf rd or a (f(6) 2d. 
a a 

Ex. 1. Obtain the area of the semicircle bounded by r=acos 0 


and the initial line. 
Here the radius vector sweeps over the angular interval from 


6=0 to 6==. Hence the area is 


SIS. ho 


2 2 
sf abeost d= Fa, 2.¢., $7(radius)?*, 


0 
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Ex. 2. Obtain the area of a loop of the curve r=a sin 30. 


This curve will be found to consist of three equal loops as 
indicated in the figure (Fig. 24). 
The proper limits for making the integration extend over the 


first loop are 6=0 and 6=2, for these are two successive values 
of @ for which r vanishes. 


3 5 
*, area of loop=5 | asin? 36 dé == / (1 —cos 66)d0 
0 0 


30 andd) ee aw 7 
4 6 y £3 1 


2 
The total area of the three loops is therefore “ 


x 
Fig. 24, 
EXAMPLES, 
Find the areas bounded by 
1. r?=a?cos?6 + b’sin?6. 3. One loop of r=a sin 46. 
2. One loop of r=a sin 26. 4, One loop of r=asin 6. 


5. The portion of r=ae?'* bounded by the radii vectores 
0=B and 6=B+y (y being less than 27). 


6. Any sector of 720 =a2 (P=a to 6=). 

7. Any sector of rGi=a (0=a to 0=8). 

8. Any sector of rO=a (0=a to 0=6). 

9. The cardioide r=a(1 —cos 6). 

10. If s be the length of the curve r=a tanh 8 between the 


origin and @=27, and A the area between the same points, 
show that A=a(s—az). [OxrorD, 1888. ] 
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132. Area of a Closed Curve. 

Let (a, y) be the Cartesian coordinates of any point 
P on a closed curve; (w+ dx, y + dy) those of an adjacent 
point Q. Let (7, 0), (r+ dr, 0+66) be the corresponding 
polar coordinates. Also we shall suppose that in 
travelling along the curve from P to Q along the 
infinitesimal are PQ the direction of rotation of the 
radius vector OP is counter-clockwise (i.e. that the 


ee 
Q 
p 


ZZ. 


Fig. 25. 


area is on the left hand to a person travelling in this 
direction), Then the element 


47°69 = AOPQ = }(ady — yon). 
Hence another expression for the area of a closed 
curve is 1 aay ~yae, 
the limits being such that the point (a, y) travels once 
completely round the curve. 


eT =dv, we 
a“ 


133. If we put y=va so that 


may write the above expression as furan, where « is 


to be expressed in terms of v and the limits of in- 

tegration so chosen that the current point (2, y) travels 

once completely round the curve. As v is really 

tan @ and becomes infinite when @ is a right angle care 

must be taken not to integrate through the value «. 
E. I. ¢. L 
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Ex. Find by this method the area of the ellipse 
Ple+y/e=1. 
Putting y=va, we have 


2 
=(4+f)= 


and area =2 fe o Nore 2dv os ai int 


between properly chosen ties 
Now, in the first quadrant v varies from 0 to o. Hence 


area of quadrant=2 - z, 
22, 
and therefore area of ellipse =zab. 


134. If the origin le without the curve, as the 
current point P travels round we obtain triangular 
elements such as OP,Q,, including portions of space 
such as OP,Q, shown in the figure which he outside 


Fig. 26. 


the curve. These portions are however ultimately 
removed from the whole integral when the point P 
travels over the element P 0. for the triangular 
element OP,Q, is reckoned negatively as 0 is decreasing 
and d@ is negative, 


135. If however the curve cross itself, the expression 
1|(edy—ydo), taken round the whole perimeter, no 


longer represents the sum of the areas of the several 
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loops. For draw two contiguous radii vectores OP,, 
OQ, cutting the curve again at Q,, P,Q, and P,, Q3, P, 
respectively, Then in travelling continuously through 
the complete perimeter we obtain positive elements, 
such as OP,Q, and OP,Q,, and negative elements 
such as OP,Q, and OP,Q,. 


Now OP,Q,—OP,Q,.+ OP;Q,— OPQ, 
=quadl. P,Q, P,Q,—quadl. P,Q,P3Qs, 


and in integrating for the whole curve we therefore 
obtain the difference of the two loops. 


Similarly, if the curve cuts itself more than once, 
this integral gives the difference of the sum of the odd 
loops and the sum of the even loops. 

To obtain the absolute area of such a curve we must 
therefore obtain that of each loop separately and then 
add the results. 

Of course in curves with several equal loops it is 
sufficient to find the area of any one, and to ascertain 
the number of such loops. 


136. Other Expressions for an Area. 
Many other expressions may be deduced for the 
area of a plane curve, or proved independently, 
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specially adapted to the cases when the curve is 
defined by other systems of coordinates. 

If PQ be an element ds of a plane curve, and OY 
the perpendicular from the pole on the chord PQ, 


Fig. 28. 


AOPQ=40Y. PQ, and any sectorial area=3LZt2OY.PQ 
the summation being conducted along the whole 
bounding arc. In the notation of the Integral Cal- 
culus this is 


1|p ds. 
[This may be at once deduced from s[ea8, thus :— 
oO AAs 
rao = [eqeas = |r sin ¢ ds 


(where ¢ is the angle between the tangent and the 
radius vector) 


= | pds] 
137. Tangential-Polar Form. 

ds dp 
Again, since p= ap Pt ae 


2 
we have area = 1|p ds= sp (p 7 pen 
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a formula suitable for use when the Tangential-Polar 
equation is given. 


138. Closed Curve. 


When the curve is closed this expression admits of 
some simplification. 


dp -{( 
ee [Spay E Pay a) on, 
and in integrating round the whole perimeter the first 
term disappears. Hence when the curve is closed we 


have Ne 
area = 1] {o* — (35) ay. 


Ex. By Ex. 23, p.113, Diff. Calc. for Beginners, the equation of 
the one-cusped epicy cloid (z.e., the cardioide) may be expressed as 


vv 


= 8a sint. 
Pp aS 3 


Cee: : 


Fig. 29. 
Hence its whole area=4} if ( paPsin® - aos. )ay taken be- 
tween limits y=0 and y= and doubled. 
Putting y=30, this becomes 


=3a7 ij “(9 sin?6 — cos?0)d0 = 6ra*. 
Q 
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139. Pedal Equation. 


Again, for curves given by their pedal equations, 
we have 


= med eee be =3|- 
A=1|pds [rGidr=a(p sce g dr=3 zi 


Ex. In the equiangular spiral p=r sin a. 
Hence any sectorial area 
=3{" r?sin a dr 


zi rT COS @ 


Tp 
2 2 


Nfs eal Ur 


dr. 


=4(r.?—7,2)tan a. 


a 


140. Area included between a curve, two radii 
of curvature and the evolute. 


In this case we take as our element of area the 
elementary triangle contained by two contiguous radii 
of curvature and the infinitesimal are ds of the curve. 


B 


Fig. 30. 
To first order infinitesimals this is }p?dy, and the 


area = Ith pd, 2. 1 foray, or 1\p ds, 


Ex. 1. The area between a circle, its involute, and a tangent 
to the circle is (Fig. 31) 
ans 
aaa 


3[onray= 
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Ex. 2. The area between the tractrix and its asymptote is 
found in a similar manner. 

The tractrix is a curve such that the portion of its tangent 
between the point of contact and the z-axis is of constant 
length ec. 


O A 


Fig. 31, 


Taking two adjacent tangents and the axis of x as forming an 
elemental triangle (Fig. 32) 


1. 2 
area=2. +f dy ==. 
z 


Sy 


Fig. 32. 


EXAMPLES. 
1. Find the area of the two-cusped epicycloid 
p=2a sin. 
[Limits y=0 to =m for one quadrant. ] 
2. Obtain the same result by means of its pedal equation 
7? = 0? + 3p. 
[Limits r=a to r=2a for one quadrant. ] 
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3. Find the area between the catenary s=ctan yy, its evolute, 
the radius of curvature at the vertex, and any other radius of 
curvature. 


4. Find the area between the epicycloid s=Asin By, its 
evolute, and any two radii of curvature. 


5. Find the area between the equiangular spiral s=Ae?¥, its 
evolute, and any two radii of curvature. 


AREAS OF PEDALS. 


141. Area of Pedal Curve. 


If p=f(y,) be the tangential-polar equation (Diff. 
Cale. for Beginners, Art. 180) of a given curve, dv 
will be the angle between the perpendiculars on two 
contiguous tangents, and the area of the pedal may be 


expressed as 1|p'ay (compare Art. 131). 


Fig. 33. 


Ex. Find the area of the pedal of a circle with regard toa 
point on the circumference (the cardioide). 

Here if OY be the perpendicular on the tangent at P, and 
OA the diameter (=2a), it is geometrically obvious that OP 


bisects the angle AOY. Hence, calling YOA=y, we have for 
the tangential polar equation of the circle 


=2 ont, 
p=2ac 5 


Hence area=4 i areos! dy, 


QUADRATURE, ETC. 169 


where the limits are to be taken as 0 and z, and the result to 
be doubled so as to include the lower portion of the pedal. 
Thus 
A = 4a? [ “costa 407% sige d= Ba" ; E =3 ra, 


i) 


Fig. 34. 


142. Locus of Origins of Pedals of given Area. 


Let O be a fixed point. Let p, wy be the polar co- 
ordinates of the foot of a perpendicular OY upon any 
tangent to a given curve. 


Fig. 35. 


Let P be any other fixed point, PY,\(=p,) the per- 
pendicular from P upon the tangent. Then the areas 
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of the pedals with O and P respectively as origins are 
[pay and 1{p.tdy 


taken between certain definite limits. Call these 
areas A and <A, respectively Let 7, @ be the polar 
coordinates of P with regard to O, and a, y their 
Cartesian equivalents. Then 


pi =p—7 co(O—W)=p—xcosw—y sin wy, 
and p is a known function of y Hence 
2A,= [p.tdy = ov —xcosvy—y sin )*dyy 
= [pea — 20[p cos vv dy — 2y| psiny dy 
=. 2*feosty, dy+ 22ry {eos wWsin Wy dy 


ar [sine dy. 


Now alp cos yy dy, alp sin dv, Jcostys ONS; 
between such limits that the whole pedal is described 
will be definite constants. Call them 
— 29; == 2f, a, 2h, db, 

and we thus obtain 

2A,=2A + 29a 4+ 2fy + ax? + 2hay + by’. 
If then P move in such a manner that A, is constant, 
its locus must be a conic section. 


143. Character of Conic. 
It is a known result in inequalities that 
(p+getr+... th) prta~tret... +h?) 
+ (pp t+qnt.--. +hk,)? 
Hence it will be obvious that if p,q, 7, ..., stand for 
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cosh, cos 2h, cos 3h, ..., cosnh, and p,, q,, 7, ---, for 
sin h, sin 2h, ete., we shall have in the limit when h is 
made indefinitely small and nh finite=vy, say, 


[cosy diy x fismey dyy> ("sin vy cos dy) 
0 0 0 
1. ab > h?, 
Hence our conic section is in general an ellipse. 
Moreover the position of its centre is given by 
ax+hy+g=0\ 
ha-+ by +f=0J’ 
and is independent of the magnitude of A, Hence 
for different values of A, these several conic-loci will 
all be concentric. We shall call this centre Q. 


2 
? 


144, Closed Oval. 

Next suppose that our original curve is a closed 
oval curve, and that the point P is within it. Then 
the limits of integration are 0 and 27. 


Qa Qa 
Thus a =| cosy diy = 7 =| sin’ dy = b 
0 0 


Qar 
and h=| cos vy sin dw =0. 
0 


Hence the conic becomes 
(a+?) + 29x + 2fy + 2(A — Ay) =0, 
2.e. a circle whose centre is at the point 


Dar 2a 
- pooswdw, = psin dw. 
0 0 


145. Connexion of Areas. 
The point Q having been found, let us transfer our 
origin from O to Q. The linear terms of the conic 
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will thereby be removed. Thus Q is a point such 
that the integrals |p cos Yrdyy and \p sin yy dy both 
vanish, and if II be the area of the pedal whose pole 
is Q we have for any other 

2A, = 211+ ax?+ 2hey + by? 
in the general case. The area of this conic is 

27(A,—II) 
n/ ab —h? 
(Smith’s Conic Sections, Art. a Thus 
Fi eit seal 


For the particular case of ie closed oval the equa- 
tion of the conic becomes 


2A,=211+r(2’+y’), 
whence A,=II+ > 


“ (area of conic). 


where 7 is the radius of the circle on which P lies for 
constant values of A,, z.e. the distance of P from Q. 


146. Position of the Point © for Centric Oval. 
In any oval which has a centre the point Q is 
plainly at that centre, for when the centfe is taken as 


origin, the integrals \p cosv dy and \p sin Ww dy 


both vanish when the integration is performed for the 
complete oval (opposite elements of the integration 
cancelling), 

147. Ex. 1. Find the area of the pedal of a circle with 


regard to any point within the circle at a distance c from the 
centre (a limagon). 


2 
Here A,=U+ oe 
and T=7a2, 


2 
Hence Ay=ra +o. 
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Ex. 2, Find the area of the pedal of an ellipse with regard 
to any point at distance ¢ from the centre. 
In this case II is the area of the pedal with regard to the centre 


==) / Ce) +6?sin?0)d0=(a?+ 0) 
0 


Hence wl ie +6?+¢?), 


Ex. 3. The area of the pedal of the cardioide r=a(1—cos 6) 
taken with respect to an internal point on the axis at a distance 
¢ from the pole is 


37 Dies 2 
ae 2a¢+ 2¢"). [Maru. Tripos, 1876.] 


Let O be the pole, P the given internal point; p and p, 
the two perpendiculars OY, and PY, on any tangent from O 


and P respectively ; ¢ the angle y,0P and OP=c; then 
Pi=p—ecosd, and 24,=2A— 20[p cos pd + | cos" dd. 


Fig. 36. 


Now in order that p may sweep out the whole pedal we must 
integrate between limits =O and pane and double. Now in 
the cardioide (Fig. 36) 

p=0Qsin Y,Q0=O0Qsin 5208. 
[Dif. Cale., p. 190.] 
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For Y,Q0=140 = 
Hence 2 _ih—(r Oe 
2 Di 
30 30 Ox 
or =o) — oe and 9795 —_— 3” 
ew p=, sing 2a sin? = 20 cost 2. 


by a) Al Gis 3) i ar 37a 
Slendee oe ee z|-32 
af 6423 °43 39)" 4 
ee 2 at gl 7 31e 
Also | ecos pap = 3 2e%, Re cre 
37 T 
Finally 2A—2 / : 4a%cos'Pdd = 24a" | cos’: dz, 
“9 : 0 
Amaloa2” a dl 7 157ra? 
=61d 948 8 
2 2 
Thus byes _3rac , bre 
8 4 4 


=Sn(5a? — 2ac+ 2c?) 


148. Origin for Pedal of Minimum Area. 
When © is taken as origin, it appears that 
2A,=2I[+ ie cos + y sin WyPdy. 
Hence as the term |e cos + ysin y-)*dyy is necessarily 


positive, it is clear that A, can never be less than IL. 
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Q is therefore the origin for which the corresponding 
pedal curve has a minimum area. 


149. Pedal of an Evolute of a Closed Oval. 


The formula for the area of any closed oval proved 
in Art. 138 is 


area of oval= a{{p° — (Sh) hay, 


dy 
Hence 1| p’dy, =oval+ 1}( ah) e. 
Pp 
Q iz 
N¢ 
O 
Fig. 37. 


which plainly expresses that the area of any pedal 
of an oval curve is equal to the area of the oval itself 


together with the area of the pedal of the evolute (for 
oe is the radius vector of the pedal of the evolute). 


This also admits of elementary geometrical proof. 


Ex. Find the area of the pedal of the evolute of an ellipse 


with regard to the centre. 
The above article shows that 


area of pedal of evolute=area of pedal of ellipse —area of ellipse 


= 7g? 4.52) — aN 
aw +6?) —zrab 56% b). 
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150. Area bounded by a Curve, its Pedal, and a 
pair of Tangents. 


Let P, Q be two contiguous points on a given 
curve, Y, Y’ the corresponding points of the pedal of 
any origin O. Then since (with the usual notation) 
PY=b the elementary triangle bounded by two 
contiguous tangents PY, QY’ and the chord YY’ is to 
the first order of infinitesimals 


i(ag) 


Hence the area of any portion bounded by the two 
curves and a pair of tangents to the original curve 
may be expressed as 


and is the same as the corresponding portion of the 
area of the pedal of the evolute. 


151. Corresponding Points and Areas. 
Let f(z, y)=0 be any closed curve. Its area (A) 
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is expressed by the line-integral ly dx taken round 


the complete contour. 

If the coordinates of the current point (a, y) be 
connected with those of a second point (€, 7) by the 
relations «=™€, y =y, this second point will trace out 
the curve f(m€, y)=0 whose area (A,) is expressed 


by the line-integral fn dé taken round its contour. 
And we have 
A,= ly da = [ram dé = mony dé=mnA,, 


whence it appears that the area of any closed curve 
J(@, y)=0 is mn times that of f(ma, ny)=0. 


152. Ex. 1. Apply this method to find the area of the ellipse 


Putting 22. 


the corresponding point £, 7 traces out the circle 


es ai "2 = Te 
. ab ; 
and area of ellipse =—, x area of circle 
pe 
b 
—— wee x wr? —= rab. 
2 
Ex. 2. Find the area of the curve (mx? + n2y")? = aa + b2y?, 
Let mik=i& ny=n, 
then the corresponding curve is 
2 2 
Dnt OP oy 9b 
(2+7°)P?= — oF —n", 
m n 
2 2 
: a? b? 
or in polars = —cos?@ + — sin”, 
m n* 


the central pedal of an ellipse, symmetrical about both axes. 
E, I. C. M 
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Hence the area of the first curve 


mens x area of second 
mn 
Z/ 12 2 
lb) i (5 cos?6 + a sin’ )d0 
mM n 


== (2 wy 
amn\m2 | 72)" 


EXAMPLES, 
1. Find the area of the loop of the curve 

ay?=x(a— 2). {I. C. S., 1882.] 
2. Find the whole area of the curve 

Oy =O — a. [I. O.°S., 1881.] 


3. Trace the curve a*v?=y3(2a—y), and prove that its area is 
equal to that of the circle whose radius is a. 
[I. C. S., 1887 and 1890.] 
4. Trace the curve aty?=x2°(2a—.), and prove that its area is 
to that of the circle whose radius is a as 5 to 4. 


5. Find the whole area of the curve 


ed C+ at [CLaRE, etc., 1892.] 


6. By means of the integral if ydx taken round the contour 


of the triangle formed by the intersecting lines 
YH=urth, y=ath, y=asrtbs, 
show that they enclose the area 
(, ba)? @y—b)? | Oa— bs? 


2(ay—a3)  2ay,—a,) 2(az— dy) 
(Sm. Prizk, 1876.] 


7. Find the area between pes and its asymptote. 
a-x& 


8. If w be the angle the tangent makes with the axis of a, 
show that the area of an oval curve is 


+ | ycos ds or = | wsin yds, 


the integration being taken all round the perimeter. 
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9. Find the areas of the curves 
(i.) =a cos*t, ;. (ey y\s ean y mi 
y= bsin%t ; (ii) ee (4) Fey (2) as (4) sah 
10. Find the areas bounded by 
v+y=4ar, o+y4?=2ay, =a. [H. C.8., 1881.] 
11. The parabola y?=aa cuts the hyperbola 2?-y?=2a? at 
the points P, @; and the tangent at P to the hyperbola cuts the 
parabola again in & Find the area of the curvilineal triangle 
PQR. [OxrorD, 1889.] 
12. Find the area common to the ellipses 
B+ 2y2=2c?, Mx? +y?=2c%, — [Oxrorn, 1888.} 
_ 13. Find the two portions of area bounded by the straight 
line y=c, and the curves whose equations are 
v+y=c, y+ 4e?=4c0, [I. C. 8., 1891.] 
14. Find by integration the area lying on the same side of 
the axis of w as the positive part of the axis of y, and which 
is contained by the lines y?=4aa, xv?+y?=2ax, v=yt 2a. 
Express the area both when wz is the independent variable 
and when y is the independent variable. [PrrmrHouss, etc., 1882.] 
15. If A is the vertex, 0 the centre, and P any point on the 
hyperbola w?/a? — 7?/b?=1, prove that 


2S . 2S 
“2=acosh =b sinh 
oe, fe 
where 8 is the sectorial area AOP. [Maru. Tripos, 1885. ] 


16. An ellipse of small eccentricity has its perimeter equal 
to that of a circle of radius a. Show that its area is 


ma?(1 —e4) nearly. [a, 1883.] 
17. Find the curvilinear area enclosed between the parabola 
y*?=4ax and its evolute. 
18. Show that the area of the pedal of an ellipse with regard 
to its centre is one half of the area of the director circle. 
19. Prove that the area of the locus of intersections of 
tangents at right angles for the curve 
etyisat is fara*, [Maru. Trrpos, 1888.] 
20. Prove that if s be the arc of the curve 
r=aseca, 
§=tana—a,J 
where a is a variable parameter, measured from the initial 
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line to a point P on the curve; and if A be the area bounded 
by the curve, the initial line, and the radius vector to P, then 


9A? =2as°*. 
21. Find the area of the closed portion of the Folium 
__ 3asin 6 cos 6 


*™ sin8@+ cos [I. C. S., 1884.] 
In what ratio does the line 7+y=2a divide the area of the 
loop ? [OxrorD, 1889. ] 


22. Find the area of the curve r=aGe’’ enclosed between two 
given radii vectores and two successive branches of the curve. 

(TrInrry, 1881.] 

23. Find the area of the loop of the curve r=a@ cos @ between 

oe oar, 

Om land ses. [OxrorD, 1890.] 

24. Show that the area of a loop of the curve r=acosvé is 

ra 


ae and state the total area in the cases n odd, m even. 
n 


25, Find the area of a loop of the curve r=acos36+6 sin 36. 
[I. ©. S., 1890.] 

26. Show that the area contained between the circle r=a and 
the curve r=a cos 56 is equal to three-fourths of the area of the 


circle. [OxrorD, 1888.] 
27. Prove that the area of the curve 
7(2c?cos?6 — 2ac sin 6 cos 6+ a*sin?9) = a2c? 
is equal to wae. [I. C. S., 1879.] 
28. Find the whole area of the curve represented by the 
equation 7r=acos +6, assuming b > a. 
29. Find the area included between the two loops of the 
curve r=a(2 cos 0+4/8). [OxForD, 1889. ] 
30. Find the area between the curve r=a(sec 8+ cos 6) and 
its asymptote. 
31. Prove that the area of one loop of the pedal of the 
lemniscate 7?=a?cos 29 with respect to the pole is a. 
[OxrorD, 1885. ] 
32. Find the area of the loop of the curve 
(a+y)( 2" + y") =2any. [OxrorD, 1890.] 
33. Prove that the area of the loop of the curve 
ve+y=sac*y* is £a* [e, 1884. ] 
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34. Find the whole area contained between the curve 
a? +y)= ay =a") 
and its asymptotes. [Oxrorn, 1888. ] 


35. Show that the area of the ellipse Aes in- 


cluded between the curve, the semi-major axis, and a radius 
Ciel 
mao 
semi-axes of the ellipse. [Cuarg, etc., 1882.] 
36. Show that the area included between the curve ens VW, 
its tangent at ~=0 and its tangent at y=4, is 
il 
57 tan $+ a?tan 2 — a log(sec f+ tan ¢). 


[TRINITY, 1892. } 


37. Show that the area of the space between the epicycloid 
p=Asin By and its pedal curve taken from cusp to cusp is 7 A7B. 


38. Show that the curve r=a(}V/3+cos4) has three loops 
whose areas are a%(32+2n/3), a(Sar — 5/3), a4 %(f,a — 30/8) re- 
spectively. [CoLLecEs, 1892. ] 

39. Find the area of a loop of the curve 

oi+y*=2e'mny. [OxrorpD, 1888. ] 
40. Find the area of the pedal of the curve [Evol. of Ell.] 


(ax): + (by)5 = (a? — d*)8, 


vector 7 from the centre, is Pian = 4, 6 being the 


the origin being taken at c= a —b?, =O) [OxrorD, 1888. ] 
41. Find the area included between one of the branches of 
the curve w7v?=a"(z?+y") and its asymptotes. [a, 1887. ] 

42. Find the whole area of the curve 
w+y=a(x?+y"). [a, 1887.] 


43. Find the area of a loop of the curve 
(mx? + ny)? = ax? — b*y?, _— [St.. Joun’s, 1887. ] 
44. Trace the shape of the following curves, and find their 
areas :— ; 
Gd.) (+y? =any". 
(ii.) (a? +278 =aary'. 
[BELL, etc., SCHOLARSHIPS, 1887.] 
45. Prove that the area of 
ay (2 a pam a 
at ba i ¥ Fab” ee 


bt e\a? b? 
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46. Prove that the area in the positive quadrant of the curve 


(a2? + 622)? = matt ny? is sa 4): 
8ab\a>~ b {a, 1890. ] 
47. Prove that the area of the curve 
6 


(ata? + by?) = (a2 —y?) is —S, {ab +(b?— a)tan *\. 


ab 
[Sr. JoHN’s, 1883.] 
48. Prove that the area of the curve 


CG 4% 7 a Spey 


b? a /\a*~ 6 b? a 
where c is less than both a and 8, is 7(ab—c?). [OxForD, 1890.] 
49. Prove that the area of the curve wt—3az°+a>(2x07+y")=0 
is $7a®. [Matu. Trrpos, 1893.] 


50. Prove that the areas of the two loops of the curve 
7? — 2ar cos 9 -- 8ar+9a?=0 


are (32a + 244/83) a2, 
and (16x ~ 24V3)a?. 


{MatTu. Tripos, 1875.) 


[Note on Ex. 45. Locus of mid-points of chords of an ellipse 
which touch a fixed circle. 


Note on Ex. 48. Locus of mid-points of chords of length 2c 


of an ellipse. Therefore area required =zab — “he2dd. Hence 
result. But the student may use Art. 151.] “° 


CHAPTER XI. 


SURFACES AND VOLUMES OF SOLIDS OF 
REVOLUTION. 


153. Volumes of Revolution about the x-axis. 


It was shown in Art. 5 that if the curve y=/(z) 
revolve about the axis of w the portion between the 
ordinates v=a, and =a, is to be obtained by the 
formula 


[= 2a. 


% 


Fig. 39. 


154. About any axis. 


More generally, if the revolution be about any line 
AB, and if PN be any perpendicular drawn from a 
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point P on the curve upon the line AB and P’N’ a 
contiguous perpendicular, the volume is expressed as 


eS rele NNN 


or if O be a given point on the line AB 
= |ePy *d(ON). 


155. Ex.1. Find the volume formed by the revolution of the 


loop of the curve Jo (Art. 130, Ex. 3) about the x-axis. 
a 
a - e ® .a—-x 
Here  volume= my de=r | ee he 
4 ' atx 


Putting a+a=z, this becomes 
(26 fy 2/94 —¢ 
=7| (g—a)(2a-2) 1, 
z 
a 


2Qa3 


=] "( — —5a?+ 4az =) dz 


ge ia 
= a| 2a? log z—5a’z + 2az*— ell 
o a 
=27ra{log 2 — 2]. 
Ex. 2, Find the volume of the spindle formed by the revolu- 


tion of a parabolic are about the line joining the vertex to one 
extremity of the latus rectum. 


Fig. 40. 


Let the parabola be y= 4an, 
Then the axis of revolution is y=2z, 


and PV=2_ = 2 vd 
5 
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Also AN=/ 22+ (Y= 2) 
a J5 


ala + dy? + day [NB =X 
_ 5 
du + an) ede 
bn iE 
V5 


y) 


Chay ee 
V5 
sar 2(N cae — ar) 
PN aes 
Rie As 
and volume = a‘ arPN?.dAN 
4 - 2 Ja\ 1 
ee ee 2) (4 DONT 
at sa( a—-Na +286) de 


_ 44 8 _ rab 5 
oe . 
5N5 6 75 


156. Surfaces of Revolution. 


Again, if S be the curved surface of the solid traced 
out by the revolution of any arc AB about the w-axis, 


Fig. 41. 


suppose PN, QM two adjacent ordinates, PN being the 
smaller, és the elementary arc PQ, dS the area of the 
elementary zone traced out by the revolution of PQ 
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about the a-axis, y and y+6y the lengths of the 
ordinates of P and Q. 

Now we may take it as axiomatic that the area 
traced out by PQ in its revolution is greater than it 
would be if each point of it were at the distance PN 
from the axis, and less than if each point were at a 
distance QM from the axis. 

Then 6S lies between 27y ds and 27(y+dy)és, and 
therefore in the limit we have 


= 2ry or S= lary ds. 


This may be written as 
ds ds Seas ds 
[exy de, [pry dy. [2ny30, [any Gar, etc., 


as may happen to be convenient in any particular 


; ds ds ds : ; 
example, the values of AE OUIT Tee ete., being obtained 


from the differential calculus. 


157. Ex. 1. Find the surface of a belt of the paraboloid 
formed by the revolution of the curve y?=4as# about the w-axis. 


dy a ds NI 1d 
H = =A/1-+—) 
a dx a dix 7? 
and surface = 27 / ‘i y Ede 


=$ra? {(a,-+4)? ~ (a +)*}. 


Ex. 2. The curve 7=a(1+cos 9) revolves about the initial 
line. Find the volume and surface of the figure formed. 


Here volume = / Ty? dx=1 | 7°sin?@ d(r cos 0) 


= | a*(1 +cos 0)*sin?@a d(cos 6 + cos6), 
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the limits being such that the radius sweeps over the upper 
half of the curve. 


Hence volume= za i! ia +cos 0)*(1+2 cos 6)sin?6 d6 
0 


rae “a +4 cos 0+5 cos?6 +2 cos*@)sin?6d0 


0 


2a® [1 +5 cos?6)sin@ dé 
0 


2, -l(@T) (3) 87a? 
Qrraey = 4+ 5-427 MLN — 97 g3( =) = 
Ta {245 aT) TH 3 5 


ll 


Fig. 42. 


The surface = an [y ds= ann sin 0410 
0 


=2r [rea +cos 6)sin Ox/a*(1 + cos 6)? + asin20d0 
0 


ana? {"(1 +cos §)sin 6. 2.cos £19 
0 


ia ow 
167ra? i costs sin 309 


0 


EXAMPLES, 


1. Obtain the surface of a sphere of radius a (i.) by Cartesians, 
(ii.) by polars, taking the origin on the circumference, 
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2. A quadrant of a circle, of radius a, revolves round its chord. 

Show that the surface of the spindle generated 
=2na°J2(1-7), 

3 
; at? —3r). 

3. The part of the parabola y?=4axv cut off by the latus 
rectum revolves about the tangent at the vertex. Find the 
curved surface and the volume of the reel thus generated. 


and that its volume =~@ 


THEOREMS OF PAPPUS OR GULDIN. 


158. {. When any closed curve revolves about a 
line in its own plane, which does not cut the curve, 
the volume of the ring formed is equal to that of 
a cylinder whose base is the curve and whose height 
is the length of the path of the centroid of the area 
of the curve. 

Let the z-axis be the axis of rotation. Divide the 
area (A) up into infinitesimal rectangular elements 
with sides parallel to the coordinate axes, such as 


Fig. 43. 


P,P,P3P,, each of area dA. Let the ordinate P,N,=y. 
Let rotation take place through an infinitesimal angle 
60. Then the elementary solid formed is on base dA 
and its height to first order infinitesimals is yd0, and 
therefore to infinitesimals of the third order its volume 


is 6A. yd. 
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If the rotation be through any finite angle a we 
obtain by summation dA .y.a. 

If this be integrated over the whole area of the 
curve we have for the volume of the solid formed 


aly da. 
Now the formula for the ordinate of the centroid 
of a number of masses 7,, m,, ..., with ordinates 


ea os nea 18 ga. If then we seek the value of 


the ordinate of centroid of the area of the curve, each 
element dA is to be multiplied by its ordinate and 
the sum of all such products formed, and divided by 
the sum of the elements, and we have 


i Lt XydA 
ESTES SA? 
or in the language of the Integral Calculus 
fy aA [y dA 
jaa it 
Thus |y dA=AY. 
Therefore volume formed =A(ay). 


But A is the area of the revolving figure and ay 
is the length of the path of its centroid. 

This establishes the theorem. 

Cor. If the curve perform a complete revolution, 
and form a solid ring, we have 


a=27 and volume=A(27y). 


159. II. When any closed curve revolves about a 
line in its own plane which does not cut the curve, 
the curved surface of the ring formed is equal to that 
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of the cylinder whose base is the curve and whose 
height is the length of the path of the centroid of the 
perimeter of the cwrve. 

Let the z-axis be the axis of rotation. Divide the 
perimeter s up into infinitesimal elements such as P,P, 
each of length ds. Let the ordinate P,N, be called y. 
_ Let rotation take place through an infinitesimal angle 
60. Then the elementary area formed is ultimately a 
rectangle with sides ds and yd0, and to infinitesimals 
of the second order its area is ds. yd0. 


Fig. 44. 


If the rotation be through any finite angle a we 
obtain by summation és. ya. 

If this be integrated over the whole perimeter of 
the curve we have for the curved surface of the solid 
formed 


aly ds. 


If we seek the value of the ordinate (7) of the 
centroid of the perimeter of the curve, each element 
és is to be multiplied by its ordinate, and the sum of 
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all such products formed, and divided by the sum of 
the elements, and we have 


-__Lt Zyds 
TST Tact 


or in the language of the Integral Calculus 


Thus fy ds = sy, 


and the surface formed = (a7). 


But s is the perimeter of the revolving figure, and 
ay is the length of the path of the centroid of the 
perimeter. 

This establishes the theorem. 

Cor. If the curve perform a complete revolution 
and form a solid ring, we have a=27 and 


surface = s(277). 


Ex. The volume and surface of an anchor-ring formed by 
the revolution of a circle of radius @ about a line in the plane of 
the circle at distance d from the centre are respectively 

volume= ma? x 2rd =277a"d, 
surface=27a x 2rd =4r’ad. 


EXAMPLES. 


1. An ellipse revolves about the tangent at the end of the 
major axis. Find the volume of the surface formed. 

2, A square revolves about a parallel to a diagonal through 
an extremity of the other diagonal. Find the surface and 
volume formed. 

3. A scalene triangle revolves about any line in its plane 
which does not cut the triangle. Find expressions for the 
surface and volume of the solid thus formed. 
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160. Revolution of a Sectorial Area. 


When any sectorial area OAB revolves about the 
initial line we may divide the revolving area up into 
infinitesimal sectorial elements such as OPQ, whose 
area may be denoted to first order infinitesimals by 
47°60. Being ultimately a triangular element, its 
centroid is 3 of the way from O along its median, and 
in a complete revolution the centroid travels a distance 


27r(2rsin@) or 47rsin @. 


Fig. 45. 


Thus by Guldin’s first theorem the volume traced 
by the revolution of this element is 


47°60 . 47 sin 0 
to first order infinitesimals, and therefore the volume 
traced by the revolution of the whole area OAB is 


gx |Ssin 6 dé. 
161. If we put 
m=¥.c030, y=rand, and ¢=tandé, 
we have 7sin 6 60 =7*sin Od(tan~1t) 


ates Ol. paeas re 
wala err oat cos*0t ot = at dt, 
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and the volume may therefore be expressed as 


gr[ast dt. 


EXAMPLES. 


1. Find by integration the volume and surface of the right 
circular cone formed by the revolution of a right-angled triangle 
about a side which contains the right angle. 


2. Determine the entire volume of the ellipsoid which is 


generated by the revolution of an ellipse around its axis major. 
(L ©. S., 1887.] 

3. Prove that the volume of the solid generated by the 
revolution of an ellipse round its minor axis, is a mean pro- 
portional between those generated by the revolution of the 


ellipse and of the auxiliary circle round the major axis. 
(I. C. S., 1881.] 


4. Prove that the surface of the prolate spheroid formed by 
the revolution of an ellipse of eccentricity e about its major 
axis is equal to 

sine 


2.area of ellipse. {vi - aan}, 
Prove also that of all prolate spheroids formed by the revolu- 


tion of an ellipse of given area, the sphere has the greatest 
surface. DROsse sore) 


5. Find the volume of the solid produced by the revolution of 
the loop of the curve pooit® about the axis of z. 


[I. ©. 8., 1892.] 


6. Find the surface and volume of the reel formed by the 
revolution of the cycloid round a tangent at the vertex 


mens sin 6, 
y=a(1—cos 6). 

7. Show that the volume of the solid formed by the revolu- 
tion of the cissoid y(2a—«)=«* about its asymptote is equal 


to 27a°. [TRrInrTy, 1886. ] 
8. Find the volume of the solid formed by the revolution of 
the curve (a—«)y?=a’x about its asymptote. [I. ©. 8., 1883.] 


9. If the curve r=a+bcos6@ revolve about the initial line, 
show that the volume generated is $7a(a*+ 6?) provided a be 
greater than 0. (a, 1884. ] 

E. 1. C. N 
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10. Find the volume of the solid formed by the revolution 
about the prime radius of the loop of the curve 7?=a%6 cos 0 


ee IS 
between 0=0 and G=5 [Oxrorp, 1890.] 


11. Show that if the area lying within the cardioide 
r= 2a(1+cos 0), 
and without the parabola r(1+cos #)=2a, revolves about the 
initial line, the volume generated is 187ra°. (TRintry, 1892. ] 


12. The loop of the curve 2ay?=x(4—a) revolves about the 
straight line y=a. Find the volume of the solid generated. 
[OxForD, 1890. ] 
13. Show that the coordinates of the centroid of the sectorial 
area of r=f(@) bounded by the vectors =a, 6={, has for its 
coordinates 


3 [ros 0dé 3 [resin 6d6 


= a 


= B ’ fo Sauer eee 
/ 2d i 72d0 


14. Show that the centroid of the cardioide r=a(1—cos @) is 


on the initial line at a distance “ from the origin. 


15. If the cardioide »=a(1—cos 6) revolve round the line 
p=r cos(—y), prove that the volume generated is 

3p7?a? + Srra%cos y. [Sr. Jonn’s, 1882.] 

16. The curve =a(1—e cos §), where ¢ is very small, revolves 

about a tangent parallel to the initial line. Prove that the 
volume of the solid thus generated is approximately 

Q7r*a3(1 + e?), [I. ©. S., 1892.] 

17. The lemniscate r?=a*cos2@ revolves about a tangent at 


ons 
the pole. Show that the volume generated is a 
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SURFACE INTEGRALS. 
SECOND-ORDER ELEMENTS OF AREA. 
MISCELLANEOUS APPLICATIONS. 


162. Use of Second Order Infinitesimals as Ele- 
ments of Area. 


For many purposes it is found necessary to use for 
our elements of area second order infinitesimals. 


163. Suppose, for instance, we desire to find the 
mass of the area bounded by a given curve, the a-axis, 
and a pair of ordinates, when there is a distribution 
of surface-density over the area not uniform, but 
represented at any point by c=¢(a, y), say, where 
(x, y) are the coordinates of the point in question. 

Let Ox, Oy be the coordinate axes, AB any arc of 
the curve whose equation is y= = fle); {a, fla)} and 
{b, f(b)} the coordinates of the points A, B upon it; 
Ad and BK the ordinates of A and B. Let PN, QM 
be any contiguous ordinates of the curve, and w, «+ dx 
the abscissae of the points P and Q. Let R, U be 
contiguous points on the ordinate of P whose ordinates 
are y, yt+dy. And we shall suppose da, dy small 
quantities of the first order of smallness. 

Draw RS, UT’, PV parallel to the z-axis. Then the 
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area of the rectangle RS7T'U is dx.dy, and its mass 
may be regarded (to the seeond order of smallness) 
as f(a, y)da dy. 
Then the mass of the strip PN MV may be written 
Ltyy A 2$(@, y)oy]6e, 


or in conformity with the notation of the Integral 


Caleulus 
[ oe, yay Jou 


between the limits y=0 and y=/(x). In performing 
this integration (with regard to y) « is to be regarded 
as constant, for we are finding the limit of the sum of 
the masses of all elements in the elementary strip PM, 
a.¢. the mass of the strip PM. 


NM 
Fig. 46. 


If then we search for the mass of the area AJ KB 
all such strips as the above must be summed which 
lie between the ordinates AJ, BK, and the result may 


be written 
Lsea03[ | ote, yyy | Ox, 


which may be written 


\[ [oe yrdy |de, 


the limits of the integration with regard to w being 
from «=a to x=b. 
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Thus mass of area 


BURR = NL { es yyy |e 


bp f(a) 
or | | p(x, y)dy da. 


164. Notation. 
This is often written 


b pf(2) 
| pla, y)dax dy, 


a 0 
the elements dz, dy being written in the reverse order. 
There is no wniformly accepted convention as to the 
order to be observed, but as the latter appears to be 
the more frequently used notation, we shall in the 
present volume adopt it and write 


[lo y)da dy 


when we are to consider the first integration to be made 
with regard to y and the second with regard to #, and 


[[oce, nay ae 


when the first integration is with regard to w That 
is to say, the right-hand element indicates the first 
integration. 


Ex. If the surface-density of a circular disc bounded by 
zv’+7=a? be given to vary as the square of the distance from 
the y-axis, find the mass of the disc. 

Here we have ux? for the mass of the element dz dy, and its 
mass is therefore px*dx dy, and the whole mass will be 


/ i pxcrda dy. 


The limits for y will be y=0 to y=Na2—«® for the positive 
quadrant, and for w from =0 to =a. The result must then 
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be multiplied by 4, for the distribution being symmetrical in 
the four quadrants the mass of the whole is four times that of 
the first quadrant. 


a (Vara? 
Thus mass = 4 / / prrda dy 
0 “0 


a Vea 
~ 4uf a Ly], da 
b) 


=4e | “pa —adn. 
0 


Putting r=asin 6 and dr=acos 0d6, we have 


bi 
mass =4pat il sin?@ cos?6 dé 
0 


= sya DUE) _ gy qth aVm _mpat 
2F(3) 2.2 4 


165. Other Uses of Double Integrals. 


The same theorem may be used for many other 
purposes, of which we give a few illustrative examples, 
which may serve to indicate to the student the field 
of investigation now open to him. But our scope in 
the present work does not admit exhaustive treatment 
of the subjects introduced. 
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Ex. Find the statical moment of a quadrant of the ellipse 


72. ai? 
ath! 
about the y-axis, the surface-density being supposed uniform. 
Here each element of area dx dy is to be multiplied by its 
surface density ¢ (which is by hypothesis constant in the case 
supposed) and by its distance w from the y-axis, and the sum 
of such elementary quantities is to be found over the whole 
quadrant. The limits of the integration will be from y=0 to 


Ve ae for y; and from v=0 to z=a forz. Thus we have 
a 


yy 
~V G22 
ee Vara ob a a 
moment = / fi ox dady=— | ala? — ade 
a 
oO 0 


a By _(e- ai _ aba? 
a 3 0 om 


166. Centroids. Cartesians. 

The formulae proved in statics for the coordinates 
of the centroid of a number of masses M,, Mg, Mz, ..- , 
at points (x, Y;), (Hg, Yo), ete., are 
_ ome x _ dmy 
7=Sim’? 9" Sm" 

We may apply these to find the coordinates of the 
centroid of a given area. (See also Arts. 158, 159.) 

For if o be the surface-density at a given point, 
then o 6x dy is the mass of the element, and 
X(o dx dy)u 
Xo dx dy)’ 


or, as it may be written when the limit is taken 


[Joe da dy 


C= 
|e dx dy 


“02= 
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\Jey da dy 
i 
|e da dy 
the limits of integration being determined so that the 


summation will be effected for the whole area in 
question. 


Similarly 


Find the centroid of the elliptic quadrant of the Example in 
Art. 165. 


It was proved there that the limit of the sum of the ele- 


2 

oba 

mentary moments about the y-axis was ——. 
ss 3 


Also | [odeay= mass of the quadrant = 222", 


H oba? omab 4a 
ence pees ees 
3 4 37 
Similarly y= a 
 ayie 


167. Moments of Inertia. 


When every element of mass is multiplied by the 
square of its distance from a given line, the limit of 
the sum of such products is called the Moment of 
Inertia with regard to the line. 

Such quantities are of great importance in Dynamics. 


Ex, Find the moment of inertia of the portion of the para- 
bola y?=4axz bounded by the axis and the latus rectum, about 
the z-axis supposing the surface-density at each point to vary 
as the nth power of the abscissa. 

Here the element of mass is 


pac" Sx By, 


» being a constant, and the moment of inertia is 
Lt Tpy?ad0n dy or p / | purdx diy, 


where the limits for y are from 0 to 2Vaa, and for w from 0 to a. 
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We thus get 
a Vax a yi 
Mom. In. =" | [2 | wrde = [ sata" *? de 
: 0 : 3) 


8.3 peau 16, 
N+8 3(2n+ mage 


Again, the mass of this portion of the parabola is given by 


a@ (2a a Wax 
MU= | / pod dy = po | [y| a"dx 
0 
0 0 0 


LR 4 
=2pa" [2 Fy — AM ans, 


f 2n+3 
Thus we have Mom. In. about O«= ; ea Ma 2 
EXAMPLES. 


1. In the first quadrant of the circle ~?+y?=a? the surface 
density varies at each point as zy. Find 
(i.) the mass of the quadrant, 
(ii.) its centre of gravity, 
(iii.) its moment of inertia about the x-axis. 

2. Work out the corresponding results for the portion of the 
parabola y?=4axr bounded by the axis and the latus rectum, the 
surface-density varying as 7%. 

3. Find the centroid of a rod of which the line-density varies 
as the distance from one end. 

Find also the moments of inertia of this rod about each end 


and about the middle point. 

4, Find the centroid of the triangle bounded by the lines 
y=mx, «=a, and the w-axis, when the surface-density at each 
point varies as the square of the distance from the origin. 

Also the moment of inertia about the y-axis. 


168. Polar Curve. Second-order Element. 


For polar curves it is desirable to use for our element 
of area a second-order infinitesimal of different form. 

Let OP, OQ be two contiguous radii vectores of the 
curve r=/(9); Ow the initial line. Let 0, 0+60 be 
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the angular coordinates of P and Q. Draw two cir- 
cular ares RU, ST, with centre O and radii v and 7+6r 
respectively, and let 6@ and ér be small quantities of 
the first order. Then 


area RSTU=sector OST'—sector ORU 
=h(r+ dr)’60— 47760 
=7 60 6r to the second order, 


and to this order RSTU may therefore be considered 
a rectangle of sides dr (RS) and 764 (are RU). 


Thus if the surface-density at each point R(7, @) is 
o=4¢(7, 0), the mass of the element RST'U is (to second- 
order quantities or 6067, and the mass of the sector 
is therefore 


Its, [2 or 6766, 


the summation being for all elements from r=0 to 
r=f(0), v.€. 
(8) 
[| or dr 66, 
0 


in which integration @ is to be regarded as constant, 
and taking the limit of the sum of the sectors for 
infinitesimal values of 6@ between any specified radii 
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vectores OA(O=a) and OB(@=) we get the mass of 
the sectorial area OAB 


B ( 
= | aor dr |dé, 
I 


or as we have agreed to write it (Art. 164), 
TO) 
J] ordar 


a 0 


Ex. Find the mass of a circle for which the surface-density 
at each point varies as the distance of that point from a point 
O on the circumference. 

Taking O as the origin, and the diameter through O as the 
initial line, and @ as the radius, the equation of the curve is 
r=2acos 6. 

Then we have density at R (r, 6) is yr, and mass of element 


RSTU is pr(r 80 Sr). 


— 


=P 


Fig. 49. 


The mass of the sector is therefore 


Lts,_g3(ur?6r)80 or | i pride |86, 


the integration with regard to r being between limits 
OR=0 and OR=OP=2acos 0. 
And if these sectors be summed for the whole circle, we 


have 
5 2acos 0 
mass=2 | [| prrdr |d0 
yy 
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t 2a cos 8 
or (Art. 164) =2 / pred dr 
“0 “oO 
E 32a cos O yy) op 32 a? 
=2/ p| do=!. 80°. [ cos?@ d@=2=E" 
/ [5h 3 } 9 


169. Centroid. Polars. 


The distance of the centroid of a sectorial area from 
any line may be found as before by finding the sum 
of the moments of the elementary masses about that 
line and dividing by the sum of the masses. 

Thus or 60 or being the element of mass and 7 cos 0 
its abscissa, its moment about the y-axis is 


reos 0. a7 60 ér. 


[|r cos 0. ardé0dr 


| ler dé dr 


\[r sin@.ard0dr 


j= 
|Jor dé dr 


Ex. 1. Find the centroid of the upper half of the circle in 
the example of Art. 168. 
We established the result for that semi-circle that 


i! forddar—rper. 


Also between the limits r=0 and r=2a cos @ for 7, and 6=0 to 
6= 5 for 6, 


Thus L= 


and similarly 


nn 


[fr cos Oar dé dra [ cos peice "46 


3 42 32uat 
=A at | cos’§ d0@=4uat. 2 = 24h 
: | a eae tenes 1 a>) 
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2 a. cos 0 
t |frinbratre aan} 
an r sin Oor dé dr psin 6 | dé 
z 
= 4ya4 i sin 0 cos*6 d6 
0 


soy? 4 
4 (es |= 4, 
a 5 0 ok. 


—  32pa*/16 6a 
Hence os es oe 

Ee ea ge eae 

Se « fis 39a 

A eeesie6o* 320° 


Ex. 2. Find the centroid of the area bounded by the 
cardioide r=a(1+cos @), the surface-density being uniform. 


Fig. 50. 


The centroid is evidently on the initial line. To find its 


abscissa we have 
[fr cos 0. rd@dr 
“= fl 


| [raear 


the limits for 7 being from r=0O to r=a(1+cos 0), and for 6 
from 0 to 7 (and double, to take in the lower half). 


1 a(1+cos 0) 
The numerator =2 i; (eq cos 0d 
0 
0 


ae a ["(cos 0+3 cos?6+3 cos*6 + cost@)dO 
0 
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ty 


me cos?6 + cos*O)\d6 


The denominator = 


ee 
oe hace 
bol 3, WL or pol 


: 


"(142 cos 6-+c0s?6)d0 


=%a? ee +3) =S aa", 
Hence B= ora! | Sra? = 2a 


Ex. 3. Ina circle the surface-density varies as the nth power 
of the distance from a point O on the circumference. Find the 
moment of inertia of the area about an axis through O perpen- 
dicular to the plane of the circle. 

Here, taking O for origin and the diameter for initial line, the 
bounding curve is r=2a cos 0, a being the radius. The density 
=pr. 

Hence the mass of the element 75067 is pr"*+*80 Sr, and its 
moment of inertia about the specified axis is pr"+°80 6r. 

Hence the moment of inertia of the disc is 


| [porsea0 dr 


where the limits for 7 are 0 to 2a cos 0, and for 6, 0 to = 5 (and 
double). 


Thus Mom. Inertia=2 i pees 0 


aan 


x 
Qa)rt4 1 cos+46 dd 


oe =H aay es ay cos"t24 dé, 
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Again, the mass of the disc is 


3 2a cos O 
M=2 / i pod 0 dr 
0 0 


=H (eay i *sosn29 dO. 
n+ A 


Hence Mom. Inertia= PEA TEES 
(n+4)* 


EXAMPLES. 


1. Find the centroid of the sector of a circle 
(a) when the surface-density is uniform, 
(8) when the surface-density varies as the distance from 
the centre. 

2. Find the centroid of a circle whose surface-density varies 
as the nth power of the distance from a point O on the circum- 
ference. 

Also its moments of inertia 

(1) about the tangent at 0, 
(2) about the diameter through 0. 

3. Show that the moment of inertia of the triangle of uniform 
surface-density bounded by the y-axis and the lines y=m,x+¢,, 
Y=Me4+C, about the y-axis, is 


Ml o-—¢ \? 
eae 
where / is the mass of the triangle. 
4, Find the moments of inertia of the triangle of uniform 
surface-density bounded by the lines 
YrEML+C, YHMALt+Oe, YHMse+Cs, 
about the coordinate axes; and show that if WM be the mass of 
the triangle, they are the same as those of equal masses _ 
placed at the mid-points of the sides. 3 
5. Show that the moments of inertia of a uniform ellipse 


bounded by a oo about the major and minor axes are 
a 
2 2 
respectively ae and aa 
Dat 
and perpendicular to its plane, j potas , UM being the mass 
of the ellipse. 4 


, and about a line through the centre 
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6. Find the area between the circles r=a, r=2acos@; and 
assuming a surface-density varying inversely as the distance 
from the pole, find 

(1) the centroid, 
(2) the moment of inertia about a line through the pole 
perpendicular to the plane. 

7. Find for the area included between the curves 

o=4Aax, 
a? =Aay, 
(1) the coordinates of its centroid (assuming a uniform 
surface-density ), 
(2) the moment of inertia about the x-axis, 
(3) the volume formed when this area revolves about the 
X-axis. 
8. Find the moment of inertia of the lemniscate 7?=a?cos 20 
about a line through the pole perpendicular to its plane 
(1) for a uniform surface-density, 
(2) for a surface-density varying as the square of the 
distance from the pole. 
9. Find 
(1) the coordinates of the centroid of the area of the cycloid 
xz=a(0+sin 9), y=a(1—cos 6) ; 
(2) the volume formed by its revolution 
(a) about the base (y=2a), 
(b) about the axis (7=0), 
(c) about the tangent at the vertex. 


ELEMENTARY DIFFERENTIAL 
EQUATIONS. 


ere oar pam hs wits = 
he a > elie tie 
7 = Pid ee 


eh ; 
; (hed. stint 


CHAPTER XIII. 


DIFFERENTIAL EQUATIONS OF THE FIRST 
ORDER. 


VARIABLES SEPARABLE. LINEAR EQUATIONS. 


170. It is proposed to add a brief account of the 
common methods of solution of the more ordinary 
forms of differential equations leading up to such 
as are required by the student in his reading of 
Analytical Statics, Dynamics of a Particle, and the 
elementary portions of Rigid Dynamics. 

We shall not enter at all upon the solution of 
differential equations involving partial differential 
coefficients. 


171. Genesis of a Differential Equation. 


Let us examine for a moment how the “ordinary” 
differential equation is formed, and what kind of 
result we are to expect as its “solution.” 

Any equation, such as 


ILA OG) ah) Seoeee seca era toed (1) 


in which the form of the function is known, is repre- 
sentative of a certain family of curves, for each indi- 
vidual of which the constant a receives a particular 
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and detinite value, the same for the same curve but 
different for different curves of the family. 

Problems frequently occur in which it is necessary 
to treat the whole family of curves together, as, for 
instance, in finding another family of curves, each 
member of which intersects each member of the former 
set at a given angle, say a right angle. And it will be 
manifest that for such operations, the particularizing 
letter @ ought not to appear as a constant in the 
functions to be operated upon, or we should be treat- 
ing one individual curve of the system instead of the 
whole family collectively. 

Now a may be got rid of thus :— 

Solve for a; we then put the equation into the form 


and upon differentiation with regard to x, @ goes out, 
and an equation involving a, y and y,, replaces 
equation (1). 

This is then the differential equation to the family 
of curves, of which equation (1) is the typical equation 
of a member. 

In the formation of the differential equation it may 
be impracticable to solve for the constant. In this 
case we differentiate the equation 


JRE BOs eaten erase (1) 
with respect to « and obtain 
of , of dy _ ie 
an By yh 0, eireesnecclsioke sciate astute (3) 


and then eliminate a between equations (1) and (3), 
thus obtaining a relation between a, y, and y,, which 
is true for the whole family. 


For example, consider the family of straight lines obtained by 
giving special values to the arbitrary constant in the equation 


Y=rM. 
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Solving for m, v=m, 
and differentiating, vy a =). 
Or ete 
Otherwise, without first solving for m, we have 
Yi, 
and therefore YEN 


This then is the differential equation of all straight lines 
passing through the origin, and expresses the obvious geometri- 
cal fact that the direction of the straight line is the same as that 
of the vector from the origin at all points of the same line. 


172. Again, suppose the representative equation of 
the family of curves to be 


ee POO) Orne retreat (1) 


containing two arbitrary constants a, b whose values 
particularize the several members of the family. A 
single differentiation with regard to « will result in 
a relation connecting @, ¥, Y,, 4, b; say 


ATW iy oe Os waved sane as oie (2) 


If we differentiate again with regard to a we shall 
obtain a relation connecting @, ¥, ¥;, Yo, a4, 0; say 


A (AEE UU sch) 8 Os in eats Chutes (3) 


and from these three equations a and b may theoreti- 
cally be eliminated (if they have not already dis- 
appeared by the process of differentiation), and there 
will result a relation connecting @, Y, Y;, Yo} Say 


FR, Y, Yr» Y2) =9, 
the differential equation of the family. 


173. Order of an Equation. 


We define the order of a differential equation to be 
the order of the highest differential coefficient occurring 
in it; and we have seen that if an equation between 
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two unknowns contains one arbitrary constant the 
result of eliminating that constant is a differential 
equation of the first order; and if it contain two 
arbitrary constants the result is a differential equation 
of the second order. And our argument is general: 
so that to eliminate n arbitrary constants we shall 
have to proceed to  differentiations, and the result is 
a differential equation connecting 2, ¥, ¥,, ---,Yn, and 
is therefore of the nth order. 


Ex. 1. Eliminate @ and ¢ from the equation v?+7?=2ar+e. 

Differentiating, a+tyy,=a. 

Differentiating again, 1+7,?+yy.=0, 
and the constants having disappeared we have obtained as their 
eliminant a differential equation of the second order (y, being 
the highest differential coefficient involved), which belongs to all 
circles whose centres lie on the «z-axis. 


Ex. 2. Form the differential equation of all central conics 
whose axes coincide with the axes of coordinates. 

Here the typical equation of a member of this family of 
conics is 


Aa’ + By? =1, 
and we have Axv+ Byy,=0 
and A+ By? +yy2)=%, 
whence X(y,? + YY2)— Yt =0 


is the differential equation sought. 


174. Elimination an irreversible process. 


Now this process of elimination is not in general a 
reversible process, and when we wish to discover the 
typical equation of a member of a family of curves 
when the differential equation is given, we are com- 
pelled to fall back, as in the case of integration, upon 
a set of standard cases, and many equations may arise 
which are not solvable at all. 

We may infer, however, that in attempting to solve 
a differential equation of the nth order we are to 
search for an algebraical relation between a, y, and 
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arbitrary constants, such that when these constants 
are eliminated the given differential equation will 
result. Such a solution is regarded as the most 
general solution obtainable. 


DIFFERENTIAL EQUATIONS OF THE First ORDER. 


175. There are five standard forms. 

CasE I. Variables Separable. 

All equations in which it is possible to get dx and 
all the w’s to one side, and dy and all the y’s to the 


other, come under this head, and solve immediately 
by integration. 


Ex. 1, Thus if sec y=sec a 
we have cos a dx=cos y dy, 
and integrating, sinv=siny+ A, 
a relation containing one arbitrary constant A. 

v+1_ dy 

Ire Oh Uk rete ay x 

we have (« ++ )de=(y?+y)dy, 
2 BS pp 

and therefore > + loga= +5 +A, 


containing one arbitrary constant dA. 


EXAMPLES. 


Solve the following differential equations :— 
1. x cos*y dx=y cos*a dy. 
dy_#*+2+1 3 dy re ey, wy. 
‘da y+ytl dx Vet a+l 
4, Show that every member of the family of curves in Ex. 3 
cuts every member of the set in Ex. 2 at right angles. 


dy _1+y? 2 AY _ peu 4. Po, 
ayo = eae l+r+2’). 6. ae er 4+ xe 
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7. Show that all curves for which the square of the normal is 
equal to the square of the radius vector are either circles or 
rectangular hyperbolae. 


8. Show that a curve for which the tangent at each point 
makes a constant angle (a) with the radius vector can belong to 
no other class than r= Ae? 4, 

9. Find the equations of the curves for which 

(1) the Cartesian subtangent is constant, 
(2) the Cartesian subnormal is constant, 
(3) the Polar subtangent is constant, 
(4) the Polar subnormal is constant. 


10. Find the Cartesian equation of the curve for which the 
tangent is of constant length. 


176. Casx IL. Linear Equations. 


[Der. An equation of the form 
Yn t+PYn 1+ QYn-2+t ..+Kky=R 

when P, Q,..., K, R are functions of « or constants is 
said to be linear. Its peculiarity lies in the fact that 
no differential coefficient occurs raised to a power 
higher than the first. ] 

As we are now discussing equations of the first 
order, we are limited for the present to the case 


y+ Py=Q. 
If this be multiplied throughout by ¢/” it will be 
seen that we may write it 


Qi [Pdx Are 
daV? y=Qe . 


Thus ye! POF Jae! dat A, 


a relation between w and y satisfying the given 
differential equation, and containing an arbitrary 
constant. It is therefore the solution required. 


The factor ae Pde hich rendered the left-hand mem- 
ber of the equation a perfect differential coefficient is 
called an “integrating factor.” 
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Ex. 1. Integrate y,+xy=. 


5 22 
xdau we . 5 ° 
Here ef or e? is an integrating factor, and the equation 
may be written 


hi Gs oe 
a *)=axe*, 
2 a2 
or yet =e? +A, 
2 
1.€. y=1+Ae 2. 


dy 1 
Ex. 2. Integrate = = we, 


eh 
Here the integrating factor is ol * = elo = yy, and the equation 
may be written 


d 3 

Tee 

at 
and “y= +A, 
er al 
a eget 


177. Equations reducible to linear form. 


Many equations, if not immediately of the linear 
form 
dy 
may be immediately reduced to it by change of the 
variables. 
One of the most important cases is that of the 
equation 


d 
or yet Py = 0. 
Putting yh haz, 
d 
we have gy "dy = — 
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dz 
or dat i —MP2= Ql —2), 
which is linear, and its solution is 


Eos op ou mf Qer dat A, 
1.6. y =f Ue winies d- mae “MP Ey +A. 


Ex. 1. Integrate dY 1 Yay? 
az 


dx 
ayy 
Here OY 4 F 1; 
y ae i 
or putting Pe 
Y 
ek ile 
AD 2. 
and the integrating factor being 
eyes 
e Sra =e-terl 
@ 
we have $ (2) = = 
da\x di 
AG ee los see 
@ i 
1.€. 1_ Ax—sx log D: 
Y) 


Ex. 2. Integrate the equation 2 +2 sin 2y = x°cos*y. 
xv 
Dividing by cos?y we have 
secty 4 Qe tan y=2°. 
Putting tan y=2, 


we have 


and the integrating factor is er ripe 


er = | we dat A, 


or e”, giving 
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Let v= @, 
then 20 dx=dw, 
so that we da= +f we’da 
=te%(w—1). 
Thus tan y. e*=te"(x?-1)+A 


is the solution of the given equation. 


It will be obvious that for examples of this kind 
considerable ingenuity may be called into play in 
order to effect the reduction to the linear (or other 
known) form. 


EXAMPLES. 
Integrate the equations 
ils (140% + yee 4, ata 
OD. a + ay sin be. 5: (1+ 9) + (e-em =o, 
3. Staal" 6. (Go -4)e— 


7. Show that no greater generality is obtained in the solution 
of Art. 176 by adding a constant to the index in obtaining the 


dx 
integrating factor a 


8. Find the curves for which the Cartesian subnormal varies 
as the square of the radius vector. 


Integrate the equations 


dy ¥_¥" Ce ae pee. 
=. IO Stee ee ii, eA — . 
dat «2 @ da’ ea” ae ae 
12. Wy Dtany=s, , tanysiny. [Put y=sin~'z.] 

dz. 2 2 es 
13. & +2 log 2==(log 2) [Put z=e".] 

dx «x 
14. Be Seger [Put z=logy.] 


15. Find the curves for which the sum of the reciprocals of 
the radius vector and the polar subtangent is constant. 
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16. Find the polar equation of the family of curves for which 
the sum of the radius vector and the polar subnormal varies as 
the xth power of the radius vector. 


17. Show that the curves for which the radius of curvature 
varies as the square of the perpendicular upon the normal 


belong to the class whose pedal equation is r?—p?=? + a 1 eAene, 


& being a given constant and A arbitrary. ke 2k 
18. Integrate the equations 
dy ,1_e? dy tany 
LS) ee ee BN aoe alt oe ; 
(1) PRE ab (3) ieee (1+ x)e*sec 
dy ya dy FY) gq) POP) 
2) —¥ +a=e sin by, 4) <4 _: = ! 
(2) ate e¥sin ber (4) ah (ye (2) FG) 


CHAPTER XIV. 


EQUATIONS OF THE FIRST ORDER—ContTInvurEp. 


HOMOGENEOUS EQUATIONS. ONE LETTER ABSENT. 
CLAIRAUT’S FORM. 


178. Case IIL Homogeneous Equations. 
Equations homogeneous in # and y may be written 


A, He 


xe 
(a) In this case we solve if possible for dy. and 


obtain a result of the form 


Putting soe Ux, 

we obtain rae = P(r), 
: dv _ da 

al p(v)—v x’ 


and the variables are separated and the solution thus 
comes under Case I., giving as result 

dv 
lo An=|o 
ee Oe0 
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(b) But if it be inconvenient or impracticable to 


solve for “2, we solve for Z and write p for oY , and 
d. oe da 


we have 
US BG Pi cesdswclestewe sas encoegenens (1) 


Differentiating with respect to a, 
ee 

P=9(p)+29(p) 7, 

dx _ ¢(pydp 

a p—9$(p) 


Integrating this equation we have « expressed as a 
function of p and an arbitrary constant 


Ae TG) MSAY \semasercsacnewes genes (2) 
Ehminating » between equations (1) and (2) we 
obtain the solution required. 


or 


Ex. 1. Solve (2? +i SW. 
e 


Here dy _. see: 
dx x+y? 
and putting Y=Vx, 
dv v 
a ae ae gs 
dy v3 
or oy pe —— ey EN ‘ 
dx 1+? 
® Ca) 
or log Ae =*,—log v%, 
22 
or Ay — ev, 


Ex. 2. Suppose the equation to be 


¥ ty ea 
a dx]? 


Olt 
0.2. y=X(p +p). 
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Then p=(p+p')+a(1 +2p)2, 
dx Lee e3 
or S+ (+2) dp=0, 
giving log Av+2 log p-+=0, 
12 
= 
ve. Axp* =e? ; 


and the p-eliminant between 


2 sal 
ptp=t 
a 
and Aap*=e? 


is the solution sought. 
This eliminant is 


ate (-r ts) =g {+12 Me} 
x LY x 


But when it is algebraically impossible to perform the 
elimination of p, or when, if performed, the result will be 
manifestly unwieldy, it is customary to leave the two equations 
containing p unaltered, and to regard them as simultaneous 
equations whose p-eliminant if found would be the required 
solution. 


EXAMPLES. 


Solve the differential equations 


1. =—_. 

2. (8a+4y) = (5a+ ey). 
dx 

3. ae =? 

4. y= of i) +( 


a a Z } 
5. y he ae = 


—— 


| 
| 
: 
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179. A Special Case. 


dy _ ax+byte 
dx watbyte 
the homogeneous form thus :—- 


The equation , is readily reduced to 


Put x=E+h, 
— yaanth. 
Thea a&+byn+(ah+bk+e) 


a aeE+bn+(Wh+bk+ey 
Now choose h, k so that 
ah+bk+c=0, 
ah+b'k+c¢=0 
ee ie bi 
b’—be ca’—ca ab’—abd 
dn = aé+ by 
de weeny 
This equation being homogeneous we may now 
put »=v§ and the variables are separable as before 
shown. 


2.e. so that 


Then 


180. There is one case, however, in which h, k 
cannot be chosen as above, viz., when 


@- 7ba Ae 
vb 
Now let = =m and ax+by=n,. 
dy _ i dn 
iN da =(4- a), 
so that CLE es ain 
da myn+e 
dyn (am+b)n+ac'+be 
or — 7 ? 
da mn+e 
and Spee Lu 


(am-+b)n+ac’+be ” 
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The variables being now separated, the integration 
may be at once performed. 


181. One other case is worthy of notice, viz., 
dy  ax+by+e 
de —ba+b’y+e 
when the coefficient of y in the numerator is equal to 
that of « in the denominator with the opposite sign. 
For then we may write the equation thus 
(ax+e)da+b(y da+ady)=(b’y+c)dy 
an “exact” differential equation; the integral being 
aa? + 2cx + 2bhay = b'y?+ 2cy+A, 
A being the arbitrary constant. 


Ex. 1. Integrate i CES ESS) 
“w+y—3 
Put v=é+h, y=n+4h, so that 
dy _2E+3n+(2h+3k—8) 
dé Et+n+(h+hk-8) ~ 
Choose / and & so that 
2h+3k—8=0, 


VA, ly, 19 
h+ k-3=0, ; ; 
then an ee By 
CEN 
Now put 7=vé, then 
dv 2+30 
ROY 
aneae 1+v’ 
_.dv_,, _2+3v_v?-Qw-2 
*de Tip = orale 
se Oe de 
— y—1/?-8 


Bigee ae al oar ec. ye 
l Goat Js ov v—1+,/3 ] 
yv—1-./3 


Oe ee wel Sees 1. o Ste | 
: log &=5 logi(v 1) Naissa nd cone tg ae ; 
where f=x-1 and wv =. 


E. I. C. Ve 
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d + 
Ex. 2. Integrate aa ere 
Let #+y=y, then 
PAPE en Ue 
dx mn-1 7-1 
Lge = x |e 
and ax reat f 5 1 Spe N, 
. £=$n—4 log(2n—1)+ 4, 
where N=“L+Y. 
EXAMPLES. 
Integrate the equations : 
dy 2x +3y 4 dy _ax+by—a 
daz 3a+2y7 ‘da ba+ay—b 
9 Anes 5 Cae 
da 2a+y-3 “dx x2ty-1 
3, dy _2m+y-2 6, W__atytl 
dx 3x+y-3 dx 2x +2y+1 
te (2 + 3y — 5) +8042 —5 <0. 
dz 
8 (210 + 3y — 5)4Y +20 +3y -1=0. 
a 
9. Show that a particle x, y which moves so that 
a 
aman thy +9; 
de _ _ (het by+f) 
dt : 


will always lie upon a conic section. 
10. Show that solutions of the general homogeneous equa- 


tion wee #) must always represent families of similar 
curves. 


11. Show that solutions of #4, dy 
Lv 


) are homogeneous in 2, 


y and some power of a single constant, and conversely that if 
the typical equation of a member of a family of curves be homo- 
geneous in x, y and some power of one constant, the differential 
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equation of the family is homogeneous and the family consists 
of similar curves. 

12. State which of the following families of curves are similar 
sets :— 


(1) y?=4azx. (4) y=2aFlog =. 
(2) y= acosh =. “ (6) b tan maty. 
(3) = 24% =1. (6) +y3=Baay. 


for ane values of a and 6. 


182. Case IV. One letter absent. 


ax absent. 


A. Suppose x absent from the differential equation, 
which then takes the form 


dy. _ 
Ay a= 
we now solve for or y, aS may be most convenient. 
Gi.) If we solve for i we throw the equation into 
the form 
c= oy) 
Hie to 
dy 
aut dxe=—4, 
ae | ply) 
and the integral is 
x ke +. A 
ply) 


(ii.) If this be inconvenient or impossible we may 
solve for y and obtain y=¢(p), where p stands as 


before for a 
a 
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Differentiate with regard to «, i.e. the absent letter. 


The p=¢(p ee 
and da= OP ap. 
Thus w= |OPap +a. 


After the integration is performed we eliminate p 
between this equation and y=¢(p) and the solution 
of the given equation is obtained. 


183. y absent. 


B. Suppose y absent from the differential equation, 
which then takes the form 


dy. _ 
Ae, Gi)=° 
ya this may be written 


da div 
dy 
dx 
Wa, 7) = 
and therefore if y be regarded as the independent 


variable the foregoing remarks apply to this case also. 
Thus 


Since 


(i.) if convenient we solve for a and obtain a 
result of the form Y 


da 
a p(x), 
then dy= oe 
p(w) 


and the integral is 
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Gi.) But if this solution for id be inconvenient or 


dy 


impossible we solve for « and obtain a result of the 


form «=¢(q) where g stands for oe Then differen- 


dy 
tiating with regard to y, the absent letter, 
wae 
Thus dy = PD a, 
g 
and y= jee dq+A. 


After the integration we eliminate q between this 
equation and «=4¢(q), and the solution of the given 
equation is obtained. 

The student should note that in either case, x absent 
or y absent, we solve for a by preference if possible. 
But when this is impossible or inconvenient we solve 
for the remaining letter and differentiate with regard 
to the absent one; thus considering the absent letter 
in either case as the independent variable. 


Ex. 1. Integrate the equation 1+ 2? - 2 = 0. 
P 


dx ay 1 
Here dy tae? dy = (« + *\ de, 
2 
and y= "5 tloga+A 


is the solution. 


dy eal 

Ex. 2. Solve #14 (Fe : 
1 

Then ae ar 


where =—. 
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Then differentiating with bg to the absent letter y, 


dq 
tee gldy 
<a dy _1 1 
dg q 
and y=loggt sat, 


and the g-eliminant between this equation and the original 


equation p=0te is the solution required. 
g 


EXAMPLES, 
Solve the equations : 
i Ey Hy 5. (2ay +42) =a? + 2ay. 
da y dx 
dy 1 ; - dy (2) 
Dy, Ee Gps Y= — s("=2 ). 
= Dae 6. y=sin Tele. cos om 
3. Natal +a=0. = a Bo 
3 Na+ ae +a lo 9S 7 +B( 4 
dy ey dy 
. 2 4 =a? + 2an, 
4 (Qas + st) a+ 2ax, 8. a =A +B. 


ae _ dy , (dy 
184. Case V. Clairaut’s Form, y=ao + A). 


ai _. ay 
Writing p for dc We have 


Todt rah C2) Ree remh BREE ON: (1) 
Differentiating with en to a, 
dp 
or {ap + Pee s Shcens, cee (2) 


whence either oP. 0 or «+f(p)=0. 


Now cP 0 gives p=C a constant. 
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Thus y=Cx+/(C) is a solution of the given differ- 
ential equation containing an arbitrary constant C. 
Again, if » be found as a function of » from the 


equation ; 
4 POOR Cp Oe a ee (3) 


equation (2) will still be satisfied, and if this value of 
p be substituted in equation (1), or which is the same 
thing, if p be eliminated between equations (1) and (3) 
we shall obtain a relation between y and x which also 
satisfies the differential equation 

Now to eliminate » between 


y=pet+f (p) } 
O= «z+f(p) 


is the same as to eliminate C between 


ao) 
0= #t/(C) 


1.é. the same as the process of finding the envelope of 
the line y= Cx+/(C) for different values of C. 
There are therefore two classes of solutions, viz. : 


(1) The linear solution, called the “complete primi- 
tive,’ containing an arbitrary constant. 


(2) The envelope or “singular solution” containing 
no arbitrary constant and not derivable from 
the complete primitive by putting any 
particular numerical value for the constant 
in that solution. 


The geometrical relation between these two solu- 
tions is that of a family of lines and their envelope. 

It is beyond the scope of this book to discuss fully 
the theory of singular solutions, and the student is 
referred to larger treatises for further information 
upon the subject. 
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Ex. Solve Tb ni 
By Clairaut’s rule the complete primitive is 
a 
Boe Bait ad i 


and the envelope or singular solution is the result of eliminating 
m between the above equation and 


a 
0=2- 
m> 


nes wy? =4ax. 


The student will at once recognize in the singular solution 
y?=4ae the equation to a parabola, and in the complete primi- 


tive y=ma+< the well known equation of a tangent to the 
m 


parabola. 


EXAMPLES. 


Write down the complete primitive, and find the envelope 
solution in each of the following cases :— 


1. y=px+p. 4. y=prtNap+e. 
2. y=put p*. 5. y=("@—a)p—p?. 
3. y=prtp”. 6. (y—pa)(p—1)=p. 
185. The equation 
Y =A P)+ WP), oe2ecterceercseeeeeee(L) 


may be solved by differentiating with regard to x, 
and then considering p as the independent variable. 
For differentiating, we have 


p= op) tag (ry P+ wns? 


whence das +e (Pp) ees) 


dp'"¢p)—p ol p)—p’ 


which is linear, the solution being 


'p\(p)dp (pap 
8 [HO JB a. 
p(p)—p Ben (2) 
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If now »p be eliminated between equations (1) and 
(2), the complete primitive of the original equation 
will result. 


Ex. Solve SY EL PPA seas Seeder oadeenesesiene sesess (1) 
d d, 
We h = Qn°P on 
e have p=2p+ Le pas 2p 
dx 
pce = — D} 
or Os +22 Pp, 
EE Ux pL) = — 2p? 
dp , 
giving DOE PVA ie ye sist eis araeiceletiseiteeaeee (2) 


The p-eliminant from these two equations may now be found 
by solving equation (1) for p, and substituting in equation (2). 
But if it be an object to present the result in rational form, we 
may proceed thus :— 


By equation (2)  2p?+3p?7%+3A=0, 
from (1) p+ 2px — py =0. } 
Hence pe —2oy —3A=0. 
And by cross-multiplication between this equation and 

prt 2px —y=0, 

| oe ae 
Ww+6Ae xy—BA 2x2+27/ 
giving as the eliminant 
Ay? + 8Aa\x? +y)= (xy —34)?. 


186. The algebraic process of eliminating p being 
in many cases difficult or impossible, the equations (1) 
and (2) are often regarded as simultaneous equations 
whose p-eliminant is the solution in question but the 
actual elimination not performed. 


EXAMPLES. 
Solve the equations : 
5 SIH . n 1 
Ie @ Peg 5. y=(ptp dat. aaa 
2. y=anp+p*. 
3. y=p'r+p'. 6. y=2pxr+p”. 
4. y= (pt pets 7. y=apx + bp’, 
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8. The tangent at any point P of a curve meets the axis Oy in 
T, and OT? is proportional to the tangent of the inclination of 
PT to the axis Ov. Find the curve. [Ox¥oRD, 1888. ] 

9. Find the differential equation of all curves which possess 
the property that the sum of the intercepts made by the tangent 
on the coordinate axes is constant. Obtain as the complete 
primitive the equation of the tangent, and as the singular solu- 
tion the curves in question. 

10. Obtain the curves for which the area of the triangle 
bounded by the axes and a tangent is constant. 


11. Form the differential equation of curves for which the 
length of the portion of the tangent intercepted between the 
coordinate axes is constant. Obtain and interpret the complete 
primitive and the singular solution. 

12. A curve satisfies the differential equation y=p*(x—p), and 
also that p=O when r=}; determine its equation. 

([OxFoRD, 1889.] 

13. Find the complete primitive and singular solution of the 


equation 
3 
32 - 2) Qo (32) 3 
: (y da =ofe Tie y. [Oxvorn, 1890.] 


14, Show that by putting ~?=s and y?=z¢, the equation 
Axyy,;+ (2? — Ay? — B)y, — xy =0 
is reduced to one of Clairaut’s form. 


Hence write down its complete primitive and find its singular 
solation. Interpret the result. 


CHAPTER XV. 


DIFFERENTIAL EQUATIONS OF THE SECOND 
ORDER. 
EXACT DIFFERENTIAL EQUATIONS. 


187. Second Order Equation. 


We next come to the consideration of the differential 
equation of the second order, 
PY, Yr» Y2)=9. 


There is no general method of solution, but particular 
forms arise which present but little difficulty. 


188. Case I. Suppose the Equation linear. 
The typical form will fe 
d?y 
da? 7 Poe +Qy= 
where P, Q, R are functions of a. 
The usual method is first to omit & and try to 
obtain or guess a solution of 


d? d 
qt Pa, + Qy=0 


Suppose y=/(x) to be such a solution. Put 
y =2f@). 
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Then 1 =2,fv)+2f@); 
Yo= Zefa) + 2ef'(@) + 2f"(@). 
Thus on substitution we get 
Zp fla) + 2z f(a) +2f"(@) 
+ Pz, fla)+ Pf (a) 
+ Qefla)=R. 
But f"(a)+ Pf(«)+ Qf(x)=0 by hypothesis. Hence 
Sail Ce) oe 
at fay tP} Fey 
an equation which is linear for 2,. 
The integrating factor is 


I’) g 
Dicer 7x) sa = (fee 7 
and the first integral is 
alae” =(Rif@)}e “det A, 


whence the second integral may be at once obtained 
and the solution effected. 


at 


Ex. Solve Ch + 8 xy=are 4, 


1 MSE ay, 3 as 
Here y=x makes Spee 'y=0. 
Put Y=i42; 
then Yy= Xe, +2, 
Yo = Vig + 2%. 
at 
Hence Leo + 2, +23(x2,+2) —2%(uz)=ax%e 4 
at 
or nt (2408 lq aatet ; 
(Ore oe 


and the integrating factor is e (OVP 
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pe ace 
Thus —(2,07e4 )=a4 
da Bak ee 
at 5 
and z,u7e4 = 
at at 
i Deh anes mis 
2.0. 4=420% a+—e 4, 
& 
a 22s 
whence z=-—te 44 [Se 4dxz+B, 
x 


and the solution required is 


xt at 
y=—2e 4 Aa |e" tda+ Bo. 
5 x 


189. Case IT. One letter absent. 
A. If x be absent, let y,=p, 


_ dp _, dp 
ame ~ Pay 
and the equation (y, Y;, Yo) =9 
dip 
takes the form oly, Dp, =0, 
and is of the first order. 
B. If y be the letter pore let y, =>, 


then y 


then Yo= 
and (@, ¥;, Yz) becomes 
dp _ 
ln vm Za) 


and again is of the first order. 
Ex. 1. Solve the equation yy,+y,?=2y. 


Here wis absent. So putting y,=p and y, =f, we have 


Up , 292 dp? Doh hy 
Ld =2y", or PELs ay. 


The integrating factor is pe 7” or GF} 
Ce 
. dy PP- 


na py? =y' + constant =y' + a4, say. 
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Hence y dy Shp, 
vy ae at 
2 
or sinh =20+ A. 
a 
7.e. a? =a*sinh(2v+ A). 


Ex. 2. Solve 1+y?=2424;. 
Here y is absent. So putting y,=p, 


6 di 
l+pr=ap, 


or duane 
x2 1l+p” 

v.e. log =log V1+p?+ constant, 
1.€ 1+p?=—, say, 
or ady=Vx?—a dz, 

PB ak: re 
giving ay aes Res a cosh!“ 4, 

a 


a and 6 being arbitrary constants. 


EXAMPLES, 
Solve the following equations :— 
1. wy.=1. 6. Yotyyty=0. 
2. 1+ yP=Yyo 7. Wet ye t+x=0. 
3. 1+ yP say)’. 8. Yor ay, — yore ?. 
2 
4, yo? = 4a). 9. Y¥2=91?—Y-  [Oxvorp, 1889.] 


reo 


5, ay,=(1+y;")?. 
Birelve the equation (1 —7? ee -o( G2) '=949, having given 
that ae when y=0. [Oxrorn, 1890. ] 
11. Given that x? is a value of y which satisfies the equation 
a*log x — nee — «(2 log x— ys 2y log r=0, 


find the complete solution. [I. C. S., 1894.] 
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190. General Linear Equation. Removal of a 
Term. 


Let us next consider the more general equation 
YntPryn-1+Poyn-ot-.. + Pay =Q, 


where P,, P,,..., Q are given functions of a. 
Putting y= vz, we have 


Yi = 0% + 0,2, 
Yo = V2_+ 20,2, + Uy, ete., 


n(n—1) 


Vint NU1Zn—1 JOE 1.2 


+ Pyven—-1+(m—1)Prvien- ot... + Pn -12 
+ Poven 9 +... + Povn— 0% 


whence 


V2%n-2 aF eeetn Une 


The coefficient of z,_1 is nv, + Py. 
If then v be chosen so that 
Pidz 
es ee or v=e i “ 
v n 
the term involving Z,-; will have been removed. 
Similarly, if v be so chosen as to satisfy the differ- 
ential equation 
n(n —1) 
LeD 
the term containing z,-» will have been removed. 
The coefficient of z is 
Unt Pivn-1+ Pn-et-.s + Prd, 
and if a value of v can be found or guessed which 
will make this expression vanish, we can, by writing 
z,=n, and therefore 2,=7,, etc., and 2,=mn-1, reduce 
the degree of the equation by unity. The student 
should notice that this expression is the same 1n 


? 


V+(n—-1)Pv,+P,v=9, 
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form as the left hand member of the given equation. 
Hence if any solution y=v can be found or guessed of 
the given equation when the right hand member is 
omitted, we can, by writing y=vz, and then z,=%, 
reduce the degree of the equation. 


191. Canonical Form. 


In the case of the equation of the second degree 
Yot Py, t+ Poy =Q, 


the substitution y=e* [Ey 


will by what has been above stated reduce the given 
equation to the sometimes simpler form 


24+P2=Y. 
But the general solution of this equation has not been 
at present effected. 


“EXACT” DIFFERENTIAL EQUATION. 


q 
192. When p is <q, or is an exact differential, 
and can be integrated whatever y may be. 


For denoting ra by Yq 


ford = UP Yq-1— pier %yq-sdx, 
for yy-ade se jes p I)fier-*yq acer, 
etc., 
[eta-rede =VYq=p — |yo-sdv=ary, -p— Yaq-p-1 
Thus 
formdde= @PYg—1— PLP~'Yq- 9+ p(p—1)uP-2yq_,— 
+(—1)?plyq-y- 
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It will be noticed that when g=p or <p the in- 
tegration cannot be effected. 


193. By aid of the above lemma we may often see 
quickly whether a given equation is “exact.” For 
if all terms of the form #?y, in which p is <q be 
first removed, we can frequently tell at once by in- 
spection whether the remainder is a perfect differential 
coefficient or not. 

Ex. wvy;+a°y,+2y,+y=sin a. 

Here, by the lemma, xy, and 2°y, are perfect differential 
coefficients, and obviously xy,+y is the differential coefficient 
of zy. Hence a first integral of this differential equation is 
obviously 

BY, — WY y+ Wot L Yq — 3x°y_+6xy, —6y+ay=-cosx+ A. 

194. A more General Test. 

A more general test for an “exact” differential 
equation may be established in the general case 

Poynt Piyn-1t Poyn-at-.- + Pay = le 
whatever forms the coefficients Po, P,, .., Pn, V may 
have, provided they be functions of «. 

For denoting difterentiations by dashes, we have 
upon integration by parts 


[Pay dz = [Pay da, 
[Paayde= P,-xy— [P'.-ay de, 
len 2y2dac = Py oy — Pony + es -2y dx, 


[Pa—sysde= Py-3y2— Pn-syi tP'n- sy = |P"-sy da, 
ete. 
Hence upon addition it is obvious that if 
get eg. geet «+ =O; 


E, 1. ¢, Q 
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the given equation is exact; and that its first in- 
tegral is 


(Pie — Po Pos: Yt (Pace nes Uy 
+(Pa-3—---)Yot-- =|Vac+a, 


Ex. Is the equation 24y,+ 12a%y.+ 3627y, + 24ay =sin # exact? 
Applying the test, we have 
Rap ies, Jal Ie ais 
and P,— Po + Py! — Py” =240 — 720 +722 — 244 =0, 
Thus the equation is exact ; and its first integral is 
(36a? — 36x? + 12x?)y + (120 — 42°), + vtyg= — cosa+ A, 

or 124° + 8a3y, + xty,= —cosx+ A. 

This again will be a perfect differential if 

12x? — 24474 1227=0, 
which is satisfied. Hence a second integral will be 
(823 — 42°)y + 24y,= —sinv+ Art B, 

or 4u°y + aty, = —sinv+Ar+B, 
which may again be tested. But it is now obvious that the 
third and final integral is 


r? 
why =c0s.0+ AZ + Bot C. 


EXAMPLES. 
1, Show that the equation #°y,-+ 15aty, + 60a%y, + 60x°y =e* is 
exact, and solve it completely. 
2. Solve the equation 
xy, + BLY + by, + sin x(y3— 8y,) + cos 2(3y7.—y) =sin x. 
3. Write down first integrals of the following equations :-— 
(@) #yytayty=e. 
(6) wy4+ xy, -—y=2x"e*. 
(¢) Myer Hlyst yy + e=log a. 
4, Show that if the equation P,y+P,y,+Pyy.= V admits ot 


an integrating factor p, then p will satisfy the differential 
equation 


ad d? 
Pop a 4) + ag of) =0. 


CHAPTER XVI. 


GENERAL LINEAR DIFFERENTIAL EQUATION 
WITH CONSTANT COEFFICIENTS. 


195. General Linear Differential Equation. 
The form of the general linear differential equation 
of the mth order is 
Ds 
die 20a =" 
where P,, P,, Ps, ..., V are known functions of 2. 
Let us suppose that any particular solution 
y=/(@) 
can be guessed, or obtained in any manner. 
Then making the substitution 


dr-2 
eee ee NS sccond GL} 


y=f(@)+z2 
penne pe eee eee Ona) 
are n Ldgen- 1 2a nm — 2 nN 


Suppose 7=2,, 2= 2%, .-, =Zn to be solutions of this 
equation; then it is plain that 
Z= AZ, +A %,+Aseat-..tAntn 
is also a solution of equation (2) containing 7 arbitrary 
constantsd 5 -24)5))s..1-49, 
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Hence 
y=A,2, +A %,+Astgt+--- + Anentf(x) 

is a solution of equation (1) containing 7” arbitrary 
constants, and is therefore the most general solution to 
be expected. Nomore general solution has been found. 

The portion f(x) is termed the Particular Integral 
(v.1.), and the remaining part containing the 7 arbitrary 
constants, which is the solution when the right-hand 
member of the equation is replaced by zero, is called 
the Complementary Function (c.F.). If these two 
parts can be found the whole solution can be at once 
written down as their sum. 


196. Two remarkable Cases. 


There are two cases in which these solutions can be 
generally readily obtained. 


(1) When the quantities P,, P,, .... Pn are all 
constants. 

(2) When the eWustie takes me form 

ney arly we 


pn-l 
ab den 0 Oe da”- pra ot dx aN — Hay Fanny = Vs 


(4, Uy, +.» Gn being constants and V any function of «. 

The solution of the second case is readily reducible, 
as will be shown, to the solution of an equation coming 
under the first head. 


EQUATION WITH CONSTANT COEFFICIENTS—COMPLE- 
MENTARY FUNCTION. 


197. Let us therefore first determine the solution of 
such an equation as 


Yun FUYn-1 + G2Yn-2+ --. + Ony =0, 2.0.00. (2) 
the coefficients being constants; 7.e. for the present we 


confine our attention to the determination of the 
“Complementary Function” in the first case. 
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As a trial solution put y= Ae”, and we have 
m+am"-t+am"-2+...+a,=0. ...... (2) 
Let the roots of this equation be 
Mi Met Ms, se cy, 
supposed (for the present) all different, then 
BO ACO ACO oc Ay Ch, 
are all solutions, and therefore also 
y = Aye + A,e™™ 4+ Asem +... + Ane™m™, 0... (3) 
is a solution containing 1 arbitrary constants A,, A,, 


A,, ..., An, and is the most general to be expected. 


198. Two Roots Equal. 


If two roots of equation (2) become equal, say 
M,=Mz., the first two terms of the solution (8) become 
(4,+A,)e™*, and since A,+ A, may be regarded as a 
single constant, there is an apparent diminution by 
unity in the number of arbitrary constants, so that 
(3) is no longer the most general solution to be 
expected. 

Let us examine this more closely. 


Put Mz = My, + h. 
Then vA eo" + A seats 


h2 2 
" Aen + A,om| 1 +ho+s+.. ‘| 


hip? 
=(A,+4,)om+ Ah. comet Agheme] Soy | 


Now A, and A, are two imdependent arbitrary 
quantities, and we may therefore express them in. 
terms of two other independent arbitrary quantities 
by two relations chosen at our pleasure. 

First we will choose A, so large that ultimately 
A,h when h is indefinitely small may be written B,, 
an arbitrary finite constant. 
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Secondly, we will choose A, so large and of opposite 
sign to A, that d,+-A, may be regarded as an arbitrary 
finite constant B, Then the terms 


| nae 
A,hem| +... | 


ultimately vanish with h since A,h has been considered 
finite and the expression in square brackets is con- 
vergent and contains / as a factor. 

Thus the terms A,e™*+A,e™ may, when m,=™,, 
be ultimately replaced by B,e™*+ B,xve™*, and there- 
fore the number of arbitrary constants in the whole 
solution remains », and we therefore have obtained 
the general solution in this case. 


199. Three Equal Roots. 

Consider next the case when three of the roots of 
equation (2) become equal, viz., m,=m,=m,. The 
terms, A,e™*+ Ae” Ae”, have already been re- 
placed by (B,+B,ax)em* + A,e*. 

Let M,=mM,+k. 

Th A emst — A emt ka — A eme(1 k han? 

en A,e™” = A,e™"e" = Ag Te eyes 

Thus for A,e™"+ A,e™ + A,e™* we have 


; vl ke. 2p Myx 
(B,+.A,)e™" + (B+ Azk)ne™* + gl LE 


2! 
+ A,k*arem [3 4. Be +.. a ; 
and we may so choose A,, B,, and B,, that 
Breas C,, 
B,+A,k=C,, 
Ani 20. 


C,, C,, C, being any arbitrary constants, whatever k 
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may be, provided it be not absolute zero. But A,k? 
being chosen a finite quantity, and the series within 
the square brackets being convergent, it is clear that 
ultimately, when k is indefinitely diminished, the 
limiting form of this expression is 


(C+ Cia + C,x?)e™, 


200. Several Roots Equal. 

In a similar manner it will be obvious that if p 
roots of the equation (2) become equal, viz., 

Vn He 
there will be no loss of generality in our solution if 
we substitute the expression 
(K,4+ Kiet Ket... + Kye? em, 

for the corresponding portion of the complementary 
function, viz., 


A,em* 4 A,em™ +... + Ayer”, 


201. Generalization. 
More generally, if 
A,g(m,) + Ang(m,) + Agp(m,) +... + Anh(M7n) 
be the complementary function of any linear differ- 
ential equation with or without constant coefficients, 
what is to replace this expression so as to retain the 
generality when m,=™, ? 


Let My=M,+h. 
Then 
2 
Ply) = (mM, +h) = Pl) +h ea : perry) fe, 


dm? 


and the terms A,¢(m,)+ Tay Bereqie 
2 2 
(A,+A,)p(m,)+A, pal 4 gh Spm) 


ONS ie 
Now putting A,+4,= B, A.h= B,, 
two arbitrary finite constants, the remaining terms 


Sfofereies 


248 DIFFERENTIAL EQUATIONS. 


ultimately disappear when we approach the limit in 
which h is indefinitely diminished. 
Thus A,¢(m,)+4A,¢(m,) may be replaced by 


dg(m,) 
Bip) + B, dim,’ 
thus retaining the same number (7) of arbitrary 
constants Bi, Bae AeA sateen 


in the complementary function as it originally 
possessed. 
And as in Art. 200 we may proceed to show that if 
p roots become equal, viz. m,=™Mm,=...=Mp, the terms 
A, g(m,) + Age) +... FApp(Mp) 
may be replaced by 
dg(m) d?p(my,) d?-*o(m) 
Pent dm, a dm? nets Ce 


when the generality of the solution will be retained. 
The results of Arts. 198, 199, 200 are of course par- 
ticular cases of this, the form of ¢(m,) beg es". 


202. Imaginary Roots. 

When a root of equation (2) of Art. 197 is imaginary, 
it is to be remembered that for equations with real 
coefficients imaginary roots occur in pairs. 

Suppose, for instance, we have 

M,=a+1.b, m,=a— , 
where 1.=»/—1. 
Then the terms 
A,em*+ A,em or A eet Oye 4 cAl RE: 
may be thrown into a real form thus :— 
A eed ere 
= A,e"(cos ba +1 sin ba) + A,e*(cos bx — isin ba) 
=(A,+4,)e“cos ba +(A,—A,)e*sin bx 
= B,e“cos ba + Bye*sin ba, 
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where the two arbitrary constants B, and B, replace 
A,+A, and (A,—A,): respectively. 
Let B,=pcosa, B,=psina, then 
"Tyo, to B, 
e= J BE+ Be and ge Be 
Then B,cos ba + B,sin ba = p cos(bx — a). 
We may thus further replace 
Bye*cos ba+Be“sinbe by C,e“cos(ba+C,), 
where C; and C, are arbitrary constants. 


203. Repeated Imaginary Roots. 

For repeated imaginary roots we may proceed as 
before, for it has been shown that when m,=™,, 
A,em*+ A,e™* may be replaced by (B,+B,x)e™, and 
if m=m,, A,e™"+A,e™” may be replaced by 

(B,+ Byxcjem™. 
If then m,=m,=a+ and m,=m,=a— 1b, we may 
replace 
Ane + A,em + A em + A Fig 
by (B,+ Bixee" + (B+ Byxee- %*, 
that is by 
e“{(B, + B,)cos bx +(B,— B,)c sin bx] 
+ae"[(B,+ B,)cos ba + (B,—B,)c sin bar], 
and therefore by 
e%(C,cos ba + O,sin bx) + xe%(C,cos ba + C,sin ba), 
that is by 
e%(C, +.20,)cos ba + e%(C,+aC,)sin ba, 
or which is the same thing by 
D,e“cos(bx + D,)+ D,xe*cos(ba+D,). 
Any of the last three forms contain four arbitrary 


constants which replace the original four arbitrary 
constants A,, A,, A,, A,, and thus retain intact the 
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proper number (7) of arbitrary constants requisite 
to make the whole solution the most general to be 
expected. And this rule may obviously be extended 
to the case when any number of the imaginary roots 
are equal. 


2% 
204, Ex. 1. Solve the equation EY 30 4.24 =0. 
Here our trial solution is y= Ae”*, and we obtain 
—3m+2=0, 


whose roots are 1 and 2. 
Accordingly y= A,e* and y = A,e” are both particular solutions, 


and y= Aye" + Age” 


is the general solution containing two arbitrary constants. 
Ex. 2. Solve 


Here the auxiliary equation is m?—a?=0 with roots m= a, 
and the general solution is 


y = Aye + Ase~™, 
or as it may be written (if desired) 
y= B,cosh ax + B,sinh av 


ae B, al 


by replacing 4, by a eyes! Aly (Oye 


Ex. 3. Solve TY Lt aty = 
Here the Reine equation is m?+a?=0 with roots m= tae, 
Hence the general solution is 
y= A,cos ax+ Asin az, 
or, which is its equivalent, 
y = B,cos(ax + B,). 


a3 d*y ay nes 2, 
Ex. 4. Solve 7 oR o 455 Pama, 0 or (D—1)(D—-2)y=0, 


where D stands for o. 
az 
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Our auxiliary equation is 
m' — 4m? + 5m —2=0 
or (m—1)(m—2)=0, 
having roots 1, 1, 2. Accordingly the general solution is 
y=(A,+ Agr) + Ase™. 
Ex. 5. Solve (D?+1)\D—-1)y=0. 
Our auxiliary equation is 
(m?+1)(m—1)=0 
with roots +c, 1, and the general solution is therefore 
y= A,cos 7+ A,sin x + Az, 
or y = B,cos(a+ By) + Aze*. 
Ex. 6. Solve (D?+D+1)(D—2)y=0. 
Our auxiliary equation 
(m?+m+1)\(m—2)=0 


has roots — es ee and 2, and the general solution is 


@/3 


2 pa . 
y= Aye feos ®N2 + Aye *sin + A,e**, 
Tae 2 
or y=Bye *cos (s + B,) + A,e**. 


Ex. 7. Solve (D?+ D+1)({D-—2)%D —5)y=0. 
Here obviously the general] solution is 


y = (A, = A xe *cos si 2 ie (A 3 a Aqe)e ‘sin ee 
+(A,+Agv+A,x*)e™ + Age™, 


containing eight arbitrary constants. 


EXAMPLES. 
Write down the solutions of the following differential equa- 
tions :— ‘ 
dey _ Ue Tf 
il, Te (a+ 6) aby 0. 


By gi FY 4 1 ~ baby = 
FY | oF + 11a — Gaby =0. 
Sipe Spe aha ee ea 
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dy _ hy dy =e 7. (D-1)(D—2)*y¥=0. 
3. BE os cae y =0. . ( jak By 
dy _3FY 4 9, 8. (D?+1\D?+D+1)y=0. 
4, 7 85 +2y=0. » (D?+1)(D?+ D+ ly 
B. ee), 9. (DP+1){D-l¥y= 
6. ae 10. (D?+1)(D?+ D+1)y=0. 


11. (D—1)(D —2)(D2+2D+2)%y=0. 
12. (D?-+a2)D? + b2)(Dt+ 2D? + c)y =0. 


THE PARTICULAR INTEGRAL. 

205. Having considered the complementary function 
of such an equation as F(D)y = V where F(D) stands for 
D" +a,D"-1+a,D"~? +... +a", 

(ly, Uy, -.+, Gn being constants, and V any function of z, 
we next turn our attention to the mode of obtaining 
a particular integral, and propose to give the ordinary 
and most useful of the processes adopted. 


We may write the sie equation as y= aie Va 
(or [fD)]V), where =-— is such an operator that 
RD) =e MD) 

( aw iE 

206. ‘“D” satisfies the fundamental laws of 
Algebra. 

It is shown in the Differential Calculus that the 


operator D (denoting se) satisfies 


(1) The Distributive Law of Algebra, viz. 
Dut+tv+wt+...)=Du+Dv4+Dw+.. 
(2) The Commutative Law as far as ae. con- 
stants, 7.¢. D(cu) =¢(Du). 
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(8) The Index Law, i.e. 

DPE DEE 
m and 1 being positive integers. 

Thus the symbol D satisfies all the elementary rules 
of combination of algebraical quantities with the 
exception that it is not commutative with regard to 
variables. 

It therefore follows that any rational algebraical 
identity has a corresponding symbolical operative 
analogue. Thus since by the binomial theorem 


(m+a)?=m"+ mam 2 Dae n-2 4 wee $a”, 


we have by an analogous theorem for operators which 
may be inferred without further proof 


(D+a)"y= {Dn t-naDn-1 +2" Doepn-24 ebay 


ue Dae" 2y +. tary. 


= D-y+naD"- ey 
207. Operation /(D)e. 
It has been proved in the Differential Calculus that 
if r be a positive integer, 
De® = ae. 
Let us define the operation D~-” to be such that 
YD vs 
Then D-! represents an integration, and we shall 
suppose that in the operation D-1w no arbitrary con- 
stants are added (for our object now is to obtain a 
particular integral and not the most general integral). 
Now since D’'a-"e® =e" =D"D- reat, it follows that 
D-te#@=a- TEU 
Hence it is clear that De*=a"e™ for all integral 
values of n positive or negative 
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208. Let f(z) be any function of z capable of ex- 
pansion in integral powers of z, positive or negative 
(=>A,2" say, A, being a constant, independent of 2). 

Then TD ee = (2A \e% 

=O 4) 
=(2 Aa" je" 
= layer. 

The result of the operation f(D)e may therefore 
be obtained by replacing D by a. 


Ex. 1. Obtain the value of pep apa em. 
Obviously by the rule this is 
: e*” or oS 
22 22-2 1 15 
; D+1 ° 
Ex. 2. Obtain the value of aes 
KG ne value o (DER) D+3\DF5" 
By the rule this is és agp, 
BGied 105 
EXAMPLES. 
1. Perform the operations indicated by 
1 ) 1 1 
1 0 5 2 POT aN ABO SN Ps 3 ae Gy SURG Oa ie ST ere 
© gay? © mpm? © (Dea(D+3\(D+4* 


Dp? 
(D=ayD—0XD =<) 
3. Apply Art. 208 to show that 

F(D*)sin mz =f(-—m?)sin ma, 
{(D*)cosma =f(—m*)cos ma, 


PROT a tsvally 
{(D Jeosh =m eosh 2: 


(eee ti 


2. Show that eae 
(a—b\(a—c) D-a 


209. Operation /(D)eX. 
Next let y=eY, where Y is any function of «. 
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Then since Dew=ae*, 
we have by Leibnitz’s Theorem 
Yn = e™(a"V+,0,a" 1DY+,0,D?V+...4+D"V), 


which, by analogy with the Binomial Theorem (Art. 
206), may be written 


Drew V=e@(D+ayry, 
n being a positive integer. 
Now let X =(D+a)"¥Y, 
so that we may write 
Vi=(D--a) “2X. 
Then from above 
De" VY =e(D+a)"VY 
or Dig" D+ a)-*X =X, 
and therefore D-"e#X =e*(D+a)-"X. 
Hence in all cases for integral values of 1 positive or 
negative 
De@X =e™(D+a)X. 
210. As in Art. 208 we shall have 
TD yer X= CAD eee x 
A Dex) 
=e"YA(D+a) x. 
=e f(D+a)X. 


That is, e” may be transferred from the right side to 
the left of the operator f(D) provided we replace D 
by D+a. 


ix, 1. aes wt : 
(D—1)8 De Dae 
Ex. 2. prea jvm ee x sin «= —e**sin x. 
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EXAMPLES. 
1. Perform the operations 
1 2 1 ey i ea 
D- Te 2 ) (D-1" aint, Ho" log». 
2. Show that 
1 ba 1 


AL 


Ux Sie? 
’ Opa SiDee 2) = Casi 2). 


211. Operation /( D’) i max. 


sin sin 
Wehave D?" max=(—m?)"_ ma, 
cos COs 
and therefore ; 


Sl sin 
Der mae=(— ms man. 
cos cos 


Hence, as before, Arts. 208 and 210, it will follow 


that 9\ Sin sin 
JD? cos = (-m’*) cos 


Ex, [ e“sin ba dx = D~esin br =e(D + 4)'sin br (Art. 210) 
; az A—D ain by 
a? — DP? 


= a D)sin be (Art, 211) 
eer sin ba — bicosha 
a+b? 


= (a? + 6?) Fain ( br — tan-?2) : 
a 


=€ 


EXAMPLES. 


1. Find by this method the integrals of 
e“cosba, e*sin’x, e*sin’x, sinhw#sin x. 
2. Perform the operations 
1 
Dt+2 
3. Obtain by means of the exponential values of the sine and 
cosine the results of the operations f(D)cos max, f(D)sin mx. 


. 1 
Sil 27 COs 
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3 sin 
212. Operation cos 


sole 
I(D) 
Let us next consider the operation 
1 
FD) 
where F(z) is a function of z capable of expansion in 
positive integral powers of z. 
Let F(D) be arranged in powers of D, then if no odd 
powers occur the result may be written down by the 
foregoing rule of Art. 211. 


Thus 


sin mx 


sin 22 = sin 27= — i sin 2x. 
51 


1 
1+ D*+ Dt+ Dé 1—4+16-64 


But if both even and odd powers occur we may 
proceed as follows :—Group the even powers together 
and the odd powers together, and then we may write 
the operation 
ae it 
FD) (D9) DX?) 
___ (D®) — Dx(D") 
~ [gD P= DDE 
sin ma 


A OXON" Gm Ty HYP 


sin max 


sin ma 


o(—m?)sin ma —my(—™*)cos max 
[f(— m2) PF mel (=m?) P 
Upon examination it will be seen that in practice 
we may write —m? for D? immediately after the step 
il 
p(D*) + Dx(D") 
writing immediately 
1 
=m?) + Dy(—m*) 


E, I. C- R 


sin ma, 


sin Ma, 
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p( —m?) — Dx( —m”) 
[p(—m*) P—Dx(— ee 


Ex. 1. Obtain the value of Depp sin 2x. 


, Sin mx, ete. 


1 


This is De+1+ D241) 


sin 2%, 


or ee ain 22, 
—3(1+D) 
D 


or eee ion La oye 
—3(D?-1) : 


ree sin 27 
sd ae 


> 


2 aa fe LR 
or Te cos 24 — +; sin 2x. 


Ex. 2. Obtain the value of eos x. 


1 
(D-IP 
This expression = a cos x 
— er 1 
DP+3D?+3D+1 
— p2% 1 
pe otal a 
[replacing each D? by —1] 
ai j C8 
22 D 
en 
~ 2 Dt-1 


COS @ 


COS & 


Ca COs x& 
== () +1 
a mL) —2 


eet 4 
=— zoo & —sin 2). 


EXAMPLES. 


1. Perform the operations indicated in the following ex- 
pressions :— 
D ry. ; 
sin an, ah 


1 : 1 
sat 1 A i eae ee i a , : 
(D—1\(D—2) Dal D+i1 


D 
D-1 
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2. Show that Ca ay) = aii. ferVde .. . dx, there 


being x integral signs. 


3. Show ne by first expressing RO in partial fractions, the 


operation A D) V may be expressed in terms of a set of common 


integrations. 


213. Operator Fl rao V Algebraic. 


If in the operation K ane V be an algebraic function 
of #, rational and integral, we may expand FD) by 


any method in ascending powers of D as far as the 
highest power of « contained in V. 


Ex. 1. For example, find ao" +2+1), 
This is = JaD tbat 1), 
or 4a aarti ei Ps 


=(2?+2+1)-Qe+]l)=2?-2. 


. id 1 
ese ere 
Ex. 2, Again, find D?+3D2+7D—-1 


This expression is 
a 1 3 

= a bp 

“ (D+1+3D+1P+7D+1)—1 

1 
= x 
10+ 16D+6D?+ D® 

BAC 1 

10 14+8D+2D'+7,D° 


Ga 
ey ee ee $92 D3,,.)x3 


= (ah. B04 48 . 67 — $22.6). 
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EXAMPLES. 
Perform the operations 
agen Se cy 7 is I eee Pu Se ae 
(D+1\D+2) > D(D-1)” D*D-1)? 


1 il 
: Cras h a. 
2 (D+1KD+2) au", Tansy X. 


x cosh & Cos &. 


1 
3. =a) 
214, Cases of Failure. 
In applying the above methods of obtaining a 
Particular Integral, cases of failure are frequently 


met with. We propose to illustrate the course of 
procedure to be adopted in such cases. 


215. Ex. 1. Solve the equation ou yates 


The Complementary Function is Ae’. 
To obtain the Particular Integral we have 
1 
D-1 
If we apply Art. 208, the result becomes 
Cx 
a 

We may evade this difficulty and obtain the result of the 
operation by applying Art. 210 when we have 
2 (ee “al =2e, 
which is the particular integral required. 

Instead, however, of substituting another method, let us examine 


Cre 


or ©. 


the operation es more carefully. 


D 
Writing x(1+/) instead of x, we have 


1 1 1 
be Dig y ele a i, ete 
boy 4 sc | 


Vee? TS 
=Ltyaore (1+ he +o 2! +ar +...) 


= Lt,— [es neiefet +.. if 
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Of this expression the portion Zte*/h becomes infinite, but 
may be taken with the complementary function Ae* ; and A being 


arbitrary we may regard 4+— as a new arbitrary constant B, 


h 
for we may suppose 4 to contain a negatively infinite portion 
to cancel the term 1/A. 

The term ze” is the Particular Integral desired. 

The remaining terms contain h and vanish when h is decreased 
indefinitely. 

The whole solution is therefore y= Ae*+ xe". 


2 
C+ dy =e +sin Qa. 
The complementary function is clearly 

y=A sin 27+ B cos 22. 


The particular integral consists of two parts 


Ex. 2. Solve the equation 


i 1 
e& =e 
D?*+4 a 5 


qsin 2x. In this second part, if we apply the rule of 


Art. ie we get ei mee v.e. co, and so fail. 


and + 


We now consider the limit, when 4=0, of gen 2x(1 +h). 


van 
This expression 

1 1 : 
Z tien +2h2) 
=— 

a 


=ars ry a 2x cos Zhe + cos 2x sin 2h) 


at [ sin 20(1- 2+... -) +008 2x 2her— ...) 
Oe 
2 
= a 2 008 2ar-+ powers of h 


=(a term which may be included in the complementary 


+(terms which vanish with h). 


function) — Se 


Thus the whole solution of the differential equation will be 


“COS 2x 


y=A sin 2x+Bcos art oe — 2 
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Ex. 3. Solve tke equation 
(D?+3D)(D—1yy=e+e*+sin 7+2*. 
Here the complementary function is plainly 
A,+ Age +(A,+ Agv)e*. 
The particular integral consists of four parts, viz., 
1 oe gl aS ah 1 xe 


(D?+3D\(D—1 Cay 4 4 a aad Fa 


{ 1 exllth) :) 
oe 1 1 
[or consider Dai a ( +ha +ee — 


=(a part going into the Sn function) 


+3 + (terms which vanish with /)]. 


1 On 1 22 
(D243D\(D-1)" 10 
1 Lies 1 eerie i orl ; 
(iesDKD=1y . Wale SDN=oD) SOD = 


pa es peti ee <P sin v 
64D 29 — D9) 


=(3 sin x — cos x)/20, 
Finally 


1 eal - Ney : ; 
TFBDRD I~ aplitg) (+2D+3D"+...)0 


‘sy (a?+40+4+6) 
+ 


ee 
oe 


aS 


mG +47+6) 


Hence the whole solution is 
y=A,t+ ra en + A,x)e* 
ave 3ssinxz—cose , «3 4 44 


aes of 20 +5455 “+i 
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Ex. 4. Solve the equation ve —y=xsn a. 


The c.F. is A,sinh «+ A,cosh 7+ A,sin x+ A,cos 2. 


To find the p.1. we have “sin 2, 


i 
Dt—1 


which is the coefficient of ¢ in 


i a 
oe eee | 
2.é In Say " 
7.e. in et : ; 
—4.D-—6D? 
z.é. I ae wees ee, 
—4.D 1—320D... 
Aes ] 3 
ae. In a F(#+3¢); 
fae Ee 3 ) 
ze, in A (eee Ne 
Saas 
12 
Thus the P.1. is if aa 35 sin ws 
and the whole solution is 
2 
y=A,sinh 7+ A,cosh 7+ A,sin 7+ A,cos op ores = ae sin 2. 
EXAMPLES. 
1. Obtain the Particular Integrals indicated by 
sf : il 
: is 5 ids 
aes ©) (p= —2yD—3)° 
(2) an qo Qa. (6) ge (sinh a+sin 2). 
il 1 1 1% 
(3) Fi sinh x. (7) PayDay” +cosh bz). 
1 1 nO 
: 3) COS = COS, 
(4) poi” (8) (DFID +H °° 5 °° 5 
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2. Solve the differential equations 


(1) 5 uh Ta em, @) 32 ae cosh w. 


(3) $3 yy = e-*+cosx+a3 + e*sin x. 
(4) (D?-1)(D3- ite ve. (5) (D-1\D+1)D¥y=z2. 
(6) (D3—3D?—-3D+4 1)jy=e-* +2. 
(7) (D8-1)jy==a sin 2. (8) (D?—1)y=<xe*sin x. 
(9) (D?=-1)y=cosh x cos x + a”. 
(10) (D—1)XD2-+ Ly =sin?s +e +a. 
d 
216. The Operator ee 


A transformation which renders peculiar service in 
reducing an equation of the class 


d” ¥ n= a" *y nr — oa” iz *y 
ann t Ay cr Te age tage da" gt... +Any=V, 
where A,, A,, ..., are constants, to a form in which all 


the coefficients are constants, arises from putting 
2=¢. 
dy _ dy 


da 
Jn this case Ti =e', and therefore w—% dat ae 


It is obvious therefore that the operators no and 


d are equivalent. Let D stand for a Then we 


dt dt 
have 
d d- ly no” dr-1 
mat Tani Y) =a eat (m— Var te 
nly d ety 
2 ona (og nt Lan 


n-1? 


adn ly 
= az n-1 
=(D—n+1)x AR 
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Now a m in eee 2, 3, 4, ..., we have 


a= (D- et = (D—1)Dy 


a , 
e—4 = (D—2)x od =(D—2)(D—1)Dy, ete. 
Hence Seen 
oY (D—n-+1(D—n-+2)...(D—1)Dy, 


or reversing the order of the operations 
= D(D—1)D—2)....D—n+1)y. 
Ex. Solve the differential equation 
dy d?y dy 
2 2 Zaye 
ae dx rps —3y=2' +2. 
Putting =e’, the equation becomes 
D(D—1)(D—2)y+2D(D—1)y+3Dy—3y =e +e, 
or (D? — D?4+3D—3)y=e"+eé, 
1.€. (D-1)D?+3)jy=e"%+e, 


t 


=: a 2t 
giving y=Ae'+ B costV3+C sin w+ O48, 


x oa 


or y= Ax + B cos(V3 log x) + Csin(W/3 loge)+— Se 


EXAMPLES. 
Solve the differential equations 
th oe + ae +q°y=0. 
2. ae Jy wy gy =[log c+ sin log x+sin q¢ log x. 
dy DY Ys yan t] 
3. Boat 3x Ee woty a+log a. 


By 9,20 Y pW yarn 
4. Beat wes aa ty etx, 


d*y dy . 2 
> . — 
5. (a+ba ys + (a + bx) +q°y=0. 


CHAPTER XVII. 


ORTHOGONAL TRAJECTORIES. MISCELLANEOUS 
EQUATIONS. 


ORTHOGONAL TRAJECTORY. 


217. Cartesians. 


The equation f(«#, y,a)=0 is representative of a 
family of curves. The problem we now propose to 
investigate is that of finding the equation of another 
family of curves each member of which cuts each 
member of the former family at right angles. And in 
such a problem as this it has been already pointed out 
that it is necessary to treat all members of the first 
family collectively, so that the particularizing constant 
a ought not to appear in the equation of the family. 
It has been shown in Art. 171, that the quantity a 
may be eliminated between the equations 


F(a, Y, a)=0, 
of , of dy _ 
ate gan 


Let this eliminant be 
dy\ _ 
o(e, Y; a —((). 


This is the differential equation of the first family. 
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Now at any point of intersection of a member of 
the first system with a member of the second system, 
the tangents to the two curves are at right angles. 

Thus if €, 7 be the current coordinates of a point on 
a curve of the second family at its intersection with 
one of the first family, and a, y the current co- 
ordinates of the same point regarded as lying upon 
the intersected curve of the first family, we have 


The differential equation of the second family is 


d 

therefore o(é 4,— =) =i} 
and when this is integrated we have the family of 
“ Orthogonal Trajectories” of the first system. 

The rule is therefore: 

Differentiate the given equation, eliminate the 
constant, write ae in place of oY and integrate the 

dy da 


new differential equation. 


218. Polars. 
If the curve be given in polars the angle the tangent 


makes with the radius vector is rae, so our rule is 

now : 
Differentiate the equation, elaminate the constant, 
ldr dé 


write —- — in place of Ops 


y dé 


differential equation. 


, and integrate the new 


219. Ex. 1. Find the orthogonal trajectory of the family of 
circles 
aA eae DOM rected done suasbenadsessenuencte ss (1) 


each of which touches the y-axis at the origin. 
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d. 
Here oty baa, 
and, eliminating a x +yt=2e( a +92) 
: — da)” 
: dy 
6. Ua Os SOPHO) congocaroono de gedon cannes 2 
1.e e+ cy y (2) 
Hence the new differential equation must be 
dx 
2 Oye eae 
tae Pao yee 0, 
daz 
or LITO ype he), BC ic DOCG CED DOSGBOCECET (3) 
J Vly 


which is a homogeneous equation, and the variables become 
separable by the assumption y=vz. 
However, this being the same as equation (2) with the ex- 
ception that w and y are interchanged, its integral must be 
y? +2? = 2by, 
another set of circles, each of which touches the x-axis at the 
origin. 


Ex. 2. Find the orthogonal trajectory of the curves 


ao? y 
Sa ema Mn ale ciatalein see seciovis session ceisisne.s 1 
a+ » aa b2 Jo)\ ’ ( ) 
A being the parameter of the family. 
H eee Pee a Os racy PEA 2 
ag @+ATR+N @) 
and X must be eliminated between these two equations. 
(2) gives a(b2+ d)-+yy(a2+ d)=0, 
or ene eae Ei 
L+YY, 
so that e+hr= (at — bie 
L+YIy 
and Bj (hen, 
EY 


Thus the differential equation of the family is 


aXatyn) yxy) 4 
(a? —6%)x (a? —D*)yy,” 


a a yt ay(n— 1) mat eh igh Une (3) 
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Hence changing 7, into oe the differential equation of the 


. * . . 1 
family of trajectories is 


a ytay(—T+y )mar—b cov ceecceeccces (4) 
1 


But this being the same as equation (3) must have the same 
primitive, viz. : 
ue ye 


Pi hn 


2.e. a set of conic sections confocal with the former set. 


Ex. 3. Find the orthogonal trajectories of the family of 
cardioides r=a(1—cos @) for different values of a. 


Here oe asin 0, 
and, eliminating a, ae : a: O_ tan B 
Hence for the family of orthogonal trajectories we must have 
1 dr 0 
=——| == t = 
Hie oo 
or log 7 =2 log cos : + constant, 
or r=b(1+cos 6), 


another family of coaxial cardioides whose cusps point in the 
opposite direction. 


EXAMPLES. 


1. Find the orthogonal trajectories of the family of parabolas 
vy? =4ax for different values of a. 


2. Show that the orthogonal trajectories of the family of 


Cy i 
similar ellipses “tha for different values of m is x” = Ay”. 
a 


3. Find the orthogonal trajectories of the equiangular spirais 
r=ae%e%® for different values of a. 
4, Find the orthogonal trajectories of the confocal and coaxial 


parabolas a] +cos @ for different values of a. 
r 
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5. Show that the families of curves 


aes 


3a2y —y®=b 
are orthogonal. 
6. Show that the curves 
rsin2a=a(cos @—cosa) and 7 sinh?3=a(cosh B—cos @) 
are orthogonal. 
7. Show that if f(a+.y)=u+w the curves 
U=a)\ 
v=bf 
form orthogonal systems. 
8. Prove that for any constant value of the family of curves 
cosh x cosec ¥ — . cot y=constant 
cut the family pz coth #—cosech « cos y=constant 
at right angles. [Lonpoy, 1890.] 


SoME IMporRTANT DYNAMICAL EQUATIONS. 


; dtu : 
220. The equation de? +u=f(v) 


is the general form of the equation of motion of a 
particle under the action of a central force. 


Multiplying by 24 and integrating we have 


(GB) +er=2pu+a, 


which we may write as 


du e 
laa 


and the solution is therefore effected. 


221. Equations of the form 


a2 
ag tu =S(6) 
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have already been discussed as being linear with con- 
stant coefficients. 

The solution may however be conducted thus :— 

Multiply by sin 76, which will be found to be an integrating 
factor. 

Integrating, 


g M4 y yo 
sin no - NU COS Oy F(G) sin nO'd' + A. 


Similarly, cos 76 is an integrating factor and the correspond- 
ing first integral is 


du . _ [ips 
cos nGT tne sin oo) F(@') cos nO'd&' + B. 


Se ee es OE 
Eliminating qe 
nu= | £0) sin n(0—0')d@' + B sin n8— A cos nO. 
0 


222. The equation of motion of a body of changing 
mass often takes some such form as 


avi 
and for this equation wa will be found to be an 


integrating factor. 


or HONS 1 Hoy Gl = Woe) 


leads at ence to Hog = / W(x) p(x2)da +A, 


1 h(a)da ae 
V2 a] [vcybtoyde+ A 


and the variables are separated. 


or 
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FURTHER JLLUSTRATIVE EXAMPLES. 


223. Many equations may be solved by reducing to 
one or other of the known forms already discussed by 
special artifices. 


dy _ 
Bx. 1. Tp het by). 


Let an + by =z. 
dy dz 
Then IN pi 
__ dz 
Thus at+bf(z)= af 
0h 
1O— TF 
Fa es dz 
or a+A= GIG), 
ll ay) 
2; ay (0), 
Ex. 2. a Tee +1=0 
Put LY = 2. 
dy _ dz 
Then ast sae 
dz War 
(3,9 get imo 
Ob MN 
or "det a 
dz 


which is of Clairaut’s form, and the complete primitive is 
1 
=20+-—. 
LY =LU+ C 
; 2 
Ex. 3. Solve atetn( - HV" =e +eu( SY) : 
dar da 


Let =n, e=b. 
Then, since this equation may be arranged as 


yey) (22)? 
(« dx L; eda)’ 
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we may write it as n-G= /1 + eae 
g 


which being of Clairaut’s form the complete primitive may be 
written 


n=CE+N14 0%, 
on = Cer +V14+C% 
d d 
Bed ( yr aye pare 
x ay\ s +(a?— Ay B)-. zy =0 


(an equation occurring in Solid Geometry). 
Put a5 EM! Geant 


Then the equation becomes 


i ee Wie By ee =, 


Vt ds Vids 
or As(4)" +(s—At- By -1=0, 
. dt dt dt dt 
Ce 1 d 
s (144g) =8G(1+ 4g) - Bap 
dt 
Box 
giving = ee = a 
14+4A— 
Z ds 
which is of Clairaut’s form and has the complete primitive 
eye. BU 
t=s0 T+ Ac’ 
BC 
22 2 ee ae 
or Cy 14 AC” 


and singular solution the four straight lines 
ntl —Ay=+NVB. 


Ex. 5. Solve the equation 


dy 


@ +008) 7 4 + ae 


+q°y=0. 


E. I. C. Ss 
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Let the transformation be such that 


Lae) 
V1+ax? : 
then w is known by direct integration as a function of ¢, 
dy 
dy dt 
Now h ———— 
dz J1+anx" 
2) 
OY dt AY a Oe 
and ge En ee ath ed ee 
dei" T at dt (1-+axe)t 
Thus (Al Foe CRC an 2 


da? dt dt’ da’ 
and the given equation thus reduces to 


dy 
atts = 0, 


whose solution is y= A sin gt+ B cos gt, 
and when the value of ¢ in terms of x is substituted, the solution 


is complete. 
[1f a be positive we have 


a Ee 
SE Af a 
a 


+ sinh“ (a/a)=t. 


If a be negative we have 


1 da 
V—a4 Ree 
—a 
1 
apes, sin“av —a)=t.] 
Ex. 6. Solve the simultaneous differential equations (which 


are linear with constant iit 


daz 
Ames 44 = 
aa +440 +49 ‘| 


dy = :| 
30 47 + 340+ 38y <6 5 


- 
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We may write these equations as 
4(D+11)x+(9D+49)y=t, 
(83D4+34)c+(7D+38)y =e, 

d 


where D stands for —. 
dt 
Operating upon these equations respectively by 7D+38 and 
by 9D+49 and subtracting, we eliminate y and obtain 
[(4D + 44)(7D +38) —(3D+34)(9D +49) ]e=7 + 38t — 58et, 
or (D?+7D+6)x=74+38t—58e", 


giving na de'+ Bee + (7 +38t — 58e’), 
or v= Ae*+ Be +54 19(¢ — 7) — A2e', 


To obtain y let us eliminate o from the original equations. 


Multiply the first by 7 and the second by 9 and subtract. 
dx 


This gives ae tyau —9e%, 
dx 
Th =7t —9e' — 2a —-— 
us y go th 


=7t—Qet —2(Ae* + Be-% + 194 — 5.6 — 220°) 
—(— Ae~*— 6 Be- "4 1,2 — 29 e8) 
= —Ae*+ 4Be-% 4 55 Lip + 2het, 
Thus a= Aew*+ Be-* + 194 —56 — 20¢t, \ 
y= — Ae*+4Be-% —1 ip 4 554 shel, 
[The student should notice the elimination of “. This avoids 
the introduction of supernumerary constants. | 


Ex. 7. Solve the simultaneous equations 
2 
ae 
any _ pee 
dt? dt 
These equations may be written 
(D? + 16)7+3Dy=0, } 
—5Dxr+(D?+9)y=0, 


+16r=0, 


+ 9y=0. 
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whence operating upon these in turn by D?+9 and by 3D and 
subtracting, we eliminate y and obtain 


[(D? + 16)(D?+9)+15D?]a=0, 
or (Dt+40D?+144)7=0, 
2.6. (D?+4)(D? + 36)“ =0, 
whence «w= A sin 2t+ B cos 2t+ C sin 6¢+ D cos 6t. 


Differentiating the first equation and subtracting three times 
the second to eliminate differential coefficients of y, we have 


ax dx 

oe Ble 07, 

Gh de 
whence we obtain the value of y without any new constants, 
viz. :— 


y= —2B sin 2t+2A cos 2t+42D sin 6t —42C cos 6¢. 


EXAMPLES. 


Solve the equations 


ile aury al —(layyPaie, sooty omnes) +tany=s. 
3, op oe 
ax? da 
d? d. 
+a 2)°Y 4 =0, 
4. ( + aya t Bal +e +y 0. 


a @ = aft — 2 4nty 0, 6. WY a e-¥(c4 — 0%), 


Whe aly _ Son = = cos 2) parkas 
dx 2 cosy 


8. Obtain the integrals of the following differential equa- 
tions :— 


d’y_ .d’y , ay 
(*) 537 35 gt Oo tiey= 0. 


(d) ¢ 4 +68! 4.99 = 25 cos #. 


d’y dy 
) 2h Y _ pny = 
OE i aa! (I. C. S., 1894.] 
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9. Integrate the simultaneous system 


q2 

Saat ly + 3z+30=0, 

az % 

Fe oP aN cea [I. ©. S., 1894.] 


10. Find the form of the curve in which the tangent of the 
inclination of the current tangent to the z-axis is proportional 
to the product of the coordinates of the point. 

11. Find the form of the curve for which the curvature varies 
as the cube of the cosine of the inclination of the tangent to the 
a-axis. 

12. Show that in the curve for which the projection of the 
radius of curvature on the y-axis is of constant length 


(1) sx log tan(7+¥), 


2) yl = 
(2) yx og sec=. 


1. Area =e? —e*. 


CHAPTER I. 
Page 12. 
3 
3. Area=ta*tan 0, 4, Vol. = <2", 
2. Vol. = a (e” — ¢*), Vol, = qaitand. 5. Vol. =47a%. 
6. (a) Area= aii, 
Vol. =2raihi, 
my Med met 
(B) IES eee Pies, 
, gel mt 
ol, = ara a ete 
1 Arti 
Area = 
ieee n+1ar-¥ 
— 1 eS 
2n+1 a? 
(8) Area = "(3h+4a), 
Yo == = e 2 
) ee Maph + 35ah +2147), 


7. Srpas. 


ANSWERS. 


8. Mass of half the spheroid =}2pa7b*. 


2. log(e*—e-*), logtanz, — away 


3. log tan~"z, log sin wv, log(log «). 
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ANSWERS. 
CHAPTER II. 
Page 17. 
1. 304 - a). BL: 9. 5 
TL. b2—«@? d : 
2. yh. @ ile 10. +(sin 6—sin a). 
ee 
ph era 7, 21, 
n+1 
4, log.3. BLS: 
og 3 a 
Pace 23. 
yf 100 1000, 1001 3 ao hess 
le ae ¢, TO OL IGGL. 3. 32", Ba?) o2°. 
—10 100 93 1 1 1 
Ti, RS ate AEBS Pan 4, 2x7, 6x*, 32°. 
10 100 98 
CLs fete dA 
2 2 9a 
eG Lone Finn eae 
6. aloge——— > Ge tbe ter. 
Page 25. 
l au? eth 2 a? grtl 
rommengi® 8 0g? ha tye og ey 
2 
2. alog az, = alogz+a, log(a+~). 
1 1 1 1 
3. «2—alog(a+.), ~ 7 log(a— be), eae. n—1 (a—ay 
at+a2 Qu 
4. log $= log(z? — a’), ae 
Pace 26. 
(@+a)y"? (ax? +ba+ce)"t4 
in reat log(e*+a), ae 
1 
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Pace 28. 
1. log(#+1), log, = F log(a" +1), = float 8+ ID) = *og(«" +a"). 
DEF dip By b? om 
We ae iy Ra hk ae 
log2’ 4 us log 3’ ee bt Tog e 
Sq ee cone ante 4. log tan. x, log sin —cosec #. 
; oe 4° n+l . ‘ 
Bh, pM ee, a 5sec7Z. 
6. vers72zr, sect, se sin”, »—2 tan, 
; mB Ne 2 2 
Tees (tales) Roce $(sec—*z)*. 
8. : log(z*+e*), log(log sin), log(sec~1z). 


CHAPTER III. 
PaGeE 32. 
1, sine’, sin”, sin(log 2). 
Der talleeca ata lien 


3. asina +? tan-a, —acose*+6 log cosh x. 


4, gt Se 6. 7 8. sin-!,/2. 
i. sin = sine 7. tan /a. 9. sec/a. 
Pace 41. 
1. sin-1z, cosh—'z, sinh ease +4sin—z, 
— aih $ cosh, aN 1 +0 = es ~~ +4 sinh-!z, 
2. cosh-(x#+1), sin-™ = sinh-(a—1), 
(ot Itt 20 _ ye maa $.cosh-x+1), sin od ee 


~J 


‘ 


13. 


—y 


. “sinxe+cosx, («?—2)sinx+2xecosx, ———+ 
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5) 2 
-V1 22, Ja? =1, $sin—e— v1 =a DME UE hy, 


2 2 
Ha2+1)%, (a2+1)?+4a(a2+1)? +}sinh—z, V2+1+sinh—z. 
1 2 2 o 1 2 ea 
: nao” +a*)*, are! +27+3)*. 


$sin-w-2W/1-2*-ha 1-2, § sinh w+ 2/1 +2? + 4a 14 22, 
15 sinh Lak tQa+5)Ve+a+1. 


. Vz?—1+4coshz, sintw—-NV1— 2, 


$sin7—}(2+aW1—2, 4 cosh 4 2/2 —4, 


$ log tan x, * Jog tan +8, }log tan( % +2), 


blog tan(™ +0), 3 log tan =. 


Oe ns 


= log tan (3+ =); say 
log(log x), log{log(log x)}, log[log {log(log x)}], U*+1(x). 


log tan G ee ztan2), 
a 


CHAPTER IV. 
Page 47. 


- (~@—1)e*, (2? -Qr+42)e*, (x? - 3x? + 6x —6)e”, 


az sinhx—coshxz, (2+.?)sinh #—2z cosh x. 


xsin2x2 , cos2r 


2 Ava 


A : 
"4 ©8in 2x , COs a 35[32(sin 327+ 9 sin x) + cos 3x +27 cos x]. 


4 4 


. 2(sin 2x — 27 cos ae 


lfsin2z ,sin4dx sin6zr cos2x7 , cos4xz cos6x# 
= ar —— —2x£ fr = 5 
4 16 36 


2 4 6 


Trl x? grt =) arth fe Quant) 1 (2) 
: 5 oe( =) erate 5 pape”) (nti og|— }: 
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1 
2/5 


6. de D(a2-+n2) 2 sin (me - tan), for the values of n, 
a 


5. 


e*sin(2x — tan=12), raya tine —tan-4). 


Voss Gna ae al OEY oak el 


7. To, md 


A? 
9. xsine+V/1—2%, }(20?-1)sin 2+ pan 1 — 2°, 


SS 3 
sine +5 vi #71 — 27, 


Page 51. 
1. e( a4 — 4034+ 12%?-247424), (a? +6x)sinh x — 3(x?+ 2)cosh x, 
(2° + 20x? + 120x)cosh « — 5(a*+ 12x? + 24)sinh a. 
2? (2—x*)\cosa+2rsina, (6x—x)cos r+ (3x? — 6)sin x, 
2 

we) («- 3c )sin 2x + (32 - 2 \cos2e ‘ 

8 4 2 2 4 

${2(223 — 3x)sin 24 — (204 — 6x? + 3)cos 2x}. 
3. 75—20r3+1207, —5r4+60r2—240, 265¢— 720. 


Page 52. 


1. (a) (m?+1) Zemtoos(6 — cot-4m), where w#=sin 6. 


(b) 1 (Asin 6+ .cos Gate eee?) where x#=sin 0. 


© Liles ae 
A = 
(c) # tan #+log cos x. (e) = tan—te — = 
(d) « tan-\v— 4 log(1+.2”). (f) # sec—lx—cosh7ly. 


2. (a) a—N1—2°sin— 2, 


(6) O(sec O+cos 6) —sin log tan( 24.7), where x=sin 0. 
(c) (a+.)tan- = — Nast. 


* (d) “(sin $—cos$), where r=2a cos ®. 
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(m+) emtan—iz 
l4m? V1+2? 


OF. (a) = uate le (d) 
1 1 1 1.2 \\ 
b ee cos( 20— tan 12 , where tan 0=z. 
(2) 2 m /m?+4 m/ J : 


1 3 1 1 3 
(e | cos( 8- tans =) + cos( 30 tan )} 
) 4 J m?+1 Vin?+9 m/) J 


where tan 0=2. 
4. (a) esing. ‘ 


(b) tole -1)- ali x cos(2e —tan-12) — cos(2x—2 tan2)} 


(c) (a sin be sinh ax —b cos bx cosh an) 
a+b? 


(ad) az “e%sin(ba — p) — a sin(bz — 2d) — Se-msin(ber +¢) 


—* sin(be + 24), where 7 and ¢ are as in Art. 53. 
(e) 2*(P sin 22— Q cos2xz), where 
ree cos -3 cos 2p +5 cos 3¢4, 
o— sin $—*% sin 2p +3 sin 3g, 


and r=4+(log2)? and tan jaa 


log 2 
sie blo #—tan“'b). 
(1) ae c0s( blogs 
oie eens Lae = . cee 
# sin~'a log —"+ x Tbe Mer ae 1+2 
een 


7. —cot 6 log(cos 6 +cos 20) — 6 — cot 6+ V8" 


8. sin 6 cos 6 log(1 + tan 6) — d Lugar) 


. (a) etan®. b) —e*cot = 
9 (a) tans (b) co 5 


ate aa © sin (2% — tan 


2 /5 2/5 


m2): 
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CHAPTER V. 
PaGeE 58. 


1. S$ log(2?+2x+ i - ap tans a 
Nv 


bl i} 
2. log(# +1)+ = 


. $ log(a? + 4x +5) — tan-(x+2). 

. —log(3—~2). 

. 2-2 log(a?+2x7+2)4+3 tan-“(v+1). 

. 2v — 3 log(a#?+6xr+10)+11 tan-(v+8). 


Dn oO fF Ww 


Pace 62. 


(a? =e 


1) apie Gi) legs === 
(iii.) a - 


lout +a) ne Fs logte +b). 


weet. (vi.) 4 log a(a?—3)4. 


(iv.) log 


i eur 1)? 
(v.) g log Sereda ee 


(vill) 2% ene loge jie log(7—d). 


(vii.) Lacnan5” (x — a). 


(ix.) a+ Ge aay SKE So) log(x — a) + ete. 


(a, — bya, — &) 

(x) Flog 

2. (i) 5 tgs 2. 
(i) F @ aati @ ans aot a og 
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(iv.) —— ee eee (v.) qlog2 tt ior 
(vi.) Grae. ae See 0+ Ear ose) 
Beat (a 90S a cache ol 
Gabracon e ) (a—b\a-—c) «—a 
8% (Gi) tae eee 1 tan“*y. 


ee ey a W(aa—b%) 


*e 2 _ @2)(h2 — ¢2 - 2__ ]2)( 62 — 2 25) 
(ii.) er me 5 ee ee a DP re an * 


(iii.) tan—x 5 tan—7/2. _(iv.) 


4. (i.) ==, ten v3 


J3 Qa? +1 
o. 1 7 2 =H NS 
; nln een 
(ii.) NE} tan aaa B ari 
(iii.) a tan = . (v.) Bak tan — 
Pee Re eee 
as 1-a vi) 34 )°S “+an+a> 
(vii.) ene se Sten ee 
33 1-2z 
(viii.) ee Lan aN 
mai —a@N9+1 2N2  1-a% 
ye god! Lp yp leet l 
5. ib lo Ss — tan 
e) pa aer Ae /3 
i.) log =) i) 2 lop 2-2) ; 
i : i yell page -1 
(ii.) para (iil.) 5 ogee ane ra 2 


(iv.) x—2logx-+ flog(x-1)+ flog(#+1)+ ce +1)-#tan—z. 


1 1 x 
ve \bee 2 5! 10 
(v.) —log(#+1)+4log(z?+1). (vi. Ie og 2 ; nag tan : 
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1 12¢+1 
(vii.) = @ !°8 Grip an 5 low(at + +1) ~— tan 73" 
noe all ges ae ih ae Q2xe%—-1 
.) = log ‘ : 
(viil.) 5 log Teno Ete B 
(ix.) aah oe 1) iniees 1)+4$tan-'w, 
(x.) 242024150 +1074 log(# — 4)— 2 log(x? +1)+5, tana, 
an al 1 it 0-1 
GoGo) 5 lost — 2) - 5 — glog(at— 2+ 4) — 55 tan 2 3° 
1 2 _14¢+1 
ii. 5 lost r)-31 1+27+42? tan~1 . 
OS NS a ae SOR ach seat NEE 
1 yt 


(iii.) 2 + = log(«— 1)+ Wiog(at4 4)-} ee es 5 


Pelee Cele a 
4 44 
CN) TINS crmge arse 


4+1 1-1 
= i log ior mas: 
Oe, 8 (1) 1? 22-1 


Ber ae ee 
—| Yer—1 2g 


Gileeiog! es) 


ano Ih 
(viii.) = log 


ax 
x) Hog eh eh Sch 
= seats realtor pap 
7, APs tgd+)} - : alg oe 2-1) | 
8. a 9. log 4. 


— 
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CHAPTER VI. 
Pace 68. 
7 poZ@tl oe * poze! 
sin “Ja Ya sin 5 
1 4¢—3 1 344+3 
Go abe aa re 
- @< ae) | (cx + I elea*+ Bba-a)-+ (ae —0%)sinh- AZO, 
Qc? Nae — b? 
(b?> ae) a [ (ex ate bw c(cx? +2bx +a) — (b?- aejeosh 1 ee : 
Qc? /b2 — ac 
. + Ge —b Wea + 2ba — oa) + (b? +-a0)sin- ‘ 
Qc? Vb? +a0¢ 
Pace 69. 
N02 +24 +3. 4, Wx? —1+3 cosh—w. 
Na+ a2. 5. aalat1+2sinh 
Ve? + a +b sinh. 6. aoe = sinh-*.. 
a 


7. $(#—1)V 2? +2043. 


8. 4(a?+ 20+ 3)! —(a+1Wa?+2r4+342 sinh 


Page 74. 


x“ sin2er 3 1 cos37 
Jae —— cos x cos3x% or —cos“%+—— 
2 ea +3 abe 


1 ( 4x 
4 


—2sin 247+ 32), 


8 
El — 208 OF 4 Oe 10¢0s.") or —cos#7+ 
BAT ( 6x7 __3sin 40 15 sin2c _ 102), 

95 6 2 2 


2 cos” _ cos®ar 
3 5 
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x C08 TH _ 700852 +7 cos Bx— 35 cos x} 


3 1 
or —cos x#+cos*% — = cos’x ts cos’x, 


(—1)"fsin2nx _ on ¢,Sin(2n — 2) 5 an ¢ sin( (2n — nee a0) 


Oa Qn Van —2 on 
(—1)"f _cos(2n+1)« mnt3Q) cos(27-1)a_ mnt1Q), Siro, 3)x i 
gen cpm an—1 eae ee 
7 
— cos 0 +70, COR —2¢7 CON 4 ng COs _ 


3 5 7 
2. Xsin'x—Lsin'x, 1sintv—fsin®x, —}4cos’x+4cos*z, 
qig{8e—sin 47+} sin 82}, 
sin{6x+sin 27-2 sin 47—4sin 64+} sin 8v+ 75 sin 10z}. 
3. ttan®x, —}cot*®x, tanx—cot x, }(tan’x—cot®x)+3(tanx—cotz). 
Tiere 43 157 +44 
8’ 60,/2 192 ° 
5. —$costr, $sin2x—{ sin‘r+ 2 sin®x, 


iH i 1 
ees = Vn s(n —2)x. 
5, OS arn Yar Camo a 2)-n, 
Pace 83. 
1. pee 
2. (i) a= ‘3 , log tan F(-+ tan), 


*e 10 
(ii.) — yh poot( e+ tan 1. 


3, (i) [26+ log(a cos 6+ 6 sin 6)]/(a? + 6”). 
(ii.) [((ac + be)O + (be — ae)log(c sin +e cos O)]/(c? +e). 


4, Gla — B)*. 


i, wa: tan™( 2 hail i 
—b? JVat—b 
Se Eel £ 1+cosacos x 
li. Aton ae iii. OS hs ee ees 
) 3 3 2 - Bre a cosa+cosx# 
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Fe _18 cos(v — tan-!3) —V10 
3—/10 cos(a — tan-3) 


(v.) A (aya = tan(3— zy 


(vi.) i stan( 4 tan 0). 


(iv.) cos 


i31+cos a cos x 


(vii.) «cosa+sin a cosh~ : 
COS a+ COS # 


6 (i) ewer — (w — by. 


3(b 


(ii.) 2 | a@=0)-Via=a)-Vab tant4/28-tan-t4/2=2) \. 


Git) 2 Vaarrb vee ry Lab 


a-a 


x (tan Va=a' fan b — tan-1 Oa Va dot). 
Jab —ab J/a'b — ab! 


if a>a@' and w@b>al’, with analogous forms for other cases, 
3 1 6 5 = 0 
To el = t )- tanh (2 tan$) 
E65: fee\ 270) 68 2 


1 sin (1 +cos x) 
3 os og 
(1+2 cos 2)? 


9, sin 26 op cos A+sind_ 1 = log sec 20, 


i) “cos@—sinO 2 


10. cosha tans. ll. —2V1—sing. 


12, -2V1—sing — V2 log tan( 247), 


l+sing 1 1 
; La 
3 ae 21+sinz# 


{4). 2 A we 4°" 


18. 
15. 7. O+—51 og 


* cos 2 | 


tan O— /3 
tan 0+ ./3° 
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n 


2 : 1/@ y 
16. log log tan x. 19, —— sinh (4) ¢ 
na® Z, 


sin 7—x£cosxz 


17. —cosh-1(cos 9+sin 6). 20. —— 
cosSv#+4 SN & 


~ 7 Alog(a+ bcos 7)+ ake} 
22. ay cost), 


23. cos +2 V3 tanh] V3 tand{ cos-?( 1 2) 


24, cosec-(1 +sin 26). 25. sec—\(cos 6+sec 6). 
26. 2a tan-'e—log(1 +r”). 
: —sin @ 
a7, 1 og cme Ueelele ayaeeee where 0=tan-1y. 
By SSSR) ce Benes 
2 


| V3 +tanw 


28. Slo tan (2+7) 
o : 23 Se tana 
, Jansing 
i 1 log 42 : 
8 ~l1+sing 4,/2 1 Aan 
2 
CHAPTER VII. 
Pace 94, 
gmtl 1 | 
: eae os log: bo 
: wees aap m+1 (log) igh Oe Sear 


6 
or {(og.ayt ~ 3 (log x)? + Mi inl 
we a L,= / xe!) 2an—x*da, 
ine _(t- aN 2ax — 2? ga a 


oO 
© vers 
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3 
and i SS aly, 


2 3 
ye a Xv ) +2aly 


Eee ga cl, 


Between limits 0 and 2a, 


3 
Ta 
L,=—, ,=$ra‘, [,={7ra'. 


2 
Pace 95. 
+1 +1 
i [sinro cost dg = Sin” coe. yee he sin?*+?@ cos?@ dé, 
joa foa-3! 
and similarly for 2, 3, 4, 5. 
ae : 
6. [sinte de= —Ee® 2 45(2_sn = and similarly for 
4 4\2 4 
| sin’z dx, etc. 
7 n—1 sa 
7. | costa dn =D 20087 4 RAI f oggn-te dn, 
n n 
er ‘i s : : 
8. (i) _sin*c costa, 1f sin x cos*x We sin =F \\ mete, 
6 2 4 4\2 a 
--\ sin’e c ve eg Pee Are 
(ii.) ———-—8(#@-sinwvcosxz). (iil.) tan v—2 cot x— 4 cot®x. 
COS & . 
Pace 102. 
ees 387 35m «128 2 3r SB 8 1 
"4 16’ 256’ 315 " 2% 693’ 693’ 60° 


4, tsin8O, }sin86— py sin?O, 4 sin6—} sin!6+ + sin?6, 
— 4 cos*9+2 cos®6 — 3 cos’A ++ cos, 
— Jy sin’ cos®)+745(30 —$ sin 40+), sin 86). 
5, 128-Tly2 87-8 3r+4 289° 6 = 2 br 
" "1680 ° 82’ 192’ 4480 8 9 192) 
ELC . T2 
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Pace 104. 
2. If Zn, denote the given integral, 
ea +22)8) Sai 
m+tnt+l m+t+tn+l 


2 4.2 
Tarte Ol le ae : f 
nr = +2)" 73-73 71473-11.9 


6. With a similar notation, 


La 


m—2,n, 


aN r+ 3 
pee (atba)P "3 an 
(a) Jn» (ptnt+3)b (ptn+eb ""? 


(2) In pare tay"? (Qn =1)a2 
np 
Qn+2p+2  B+2%p+2 


n-1, 7 


(y) (m—2+1)Im,n= ane Sits =e 2)arL, —3, n 
(P+ aye 


(8) mL,=2"-*(a3 — 1) +(m—2)LIn—sy 
3 6a? Gre 
ey) (+ nee 5 ay 5. Fa). 


1,acose+nsing  nn—- yaa 


(al = C0080 ae 5 — 
a+n a+n 


A= [ costa(a cos 7+ 4 sin x) 


e 
a+ 


+ i2 | c08 ala cos +2sin 2) +2. als a | 
8 L,=-—x2"cos v+ne"1sin x — n(n —1)Ly-> 
ie ee WEES n COS & ay 
i n+ a? eg ke 
Joes gine sin 7 sin sens 2 COS Ns D Te 
n—a n?— a 
2 — 2n 
WO hes ON a Pon 
Sek Melon aes 
17. J + m m(m—1) 
38m 38m(Bm — at 3m(38m — 2)(3m — 4)* 
m(m--1)... 2 " m(m—1)...1 1 (1- a) 
3m(3m-2)...(m+2) 3m(3m-2)...(m +2) m ee: 


20, (m even) 
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1) Nr 
m(m—1)\(m—2)(m—3)...2.1 ge ay 


(n® +im°){n2 + (im — 2)?}...(n? + 2) n 


2 cosh “™ 
(m oda) m(m—1)(m —2\(m—3)...3.2 ey 
(n?2+m*){n?+(m—2)}.. (ne +3) n?+ 1? 
23. I,=2 Ce ae 
nrn—1 
m+ 
28, (21-1)im n= ~ Togas t (m+ Dm Fe 


29. amIm +(2m —1)bIy1+(m—1)elpy 2 = 2" Wax? + 2ba +6. 


n—1,, 
5) Bayete kel 


n-1 


(8) Deduce from 25, 


(y) L=- 


(n—2)e cosz+sing ,n-2 


n—2 


(n—1)(n—2)sin™ 7° n—1 


CHAPTER VIII. 
Page 115. 


NVe+1-1 1 1, Ne+2-V3 


253 


1. log — lo =, 
Area Mf » Je+24N3 
Je+2—- /3 Vae—) 
2/7 +2+—= log — 1)? 4.2V3 tan" 2+ 
a; Je t24+V3' 3 5(° V3 
2. — cosech—tz, Ula = sinh te +> sinh 12 
SaaS 1 1 rt) 
Jax? +22+3—sinh- 10+ —— cosech"? 
J2 4/2 J2 
nelle et+N20+1 | ea 
W2 ~a#x-N2r4+1 2 =a 
i log 2tN2@+1) +2 _ gna) 


WE ~ w—/Ba+1) +2 75 


il 
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Le ye 2+2—N2Xax+41) 
V2 ~ 2+24+N%e+1) 
2+24n/2(¢+1) an-¥ @ +1) 
= + : 
Worle 75 °8 +2 —N Oa +1) ae @ 
PaaeE 117. 


Leo e et Ae +0? 
” Je a?—b? 


0) ; 
Qn/b2 — a2 Ja? +b? +4/b2 — a2 


Tas] 2_ 
Op, ie! sinh- 1, [2 +1 3 | sinh- vl 4, Var=1 


J2 g-V MP z+) i De 
5. If a, 6, ¢ are in ascending order of magnitude 
pa aye 
1 es b a Ne +2an+ ¢ : 
(Be a2)2(¢2 Ay b2y8 cf — a? Va? +2an+b? 


with modifications for other cases. 


c+l 
6. ee 
“-1 


2 ore 
7. 49 cosh-14_, /40?-2¢+1 eke aes Qe+1 
N38 5a2+80. bat 8a 
Pace 120. 
cos 2 — cos 
ile log —————. 2, 2(sin #+ Cos a). 
aS 7 
COS & + COs — 
6 
3. sin 2¢+4 sin # cos a+.2(4 cos’a — 1). 
4, Prove (n being a positive integer) 
r=n-1 
COs NX — COS Na. sin 2a 
OS MAEM NO = 2 coseca, > sinracos(n—r)e+ 20, 
cos & — COs a r=1 sin a 
Then 
COS NL — COS Na PBEM SNR sin na 
[ee = > —— sin(n —r)x+2——. 
COS 4 — COS a sina -=1 N—-7T sin a 
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tan ~— cot 2 
5. 2sin r+2 sin a log(sin v—sin a)+2 sina log ees Ge 
tan” — tan 2 
D} 2 
ara 3, los cote at5 cee o8 ¢log( tan 2+ “tan 2—*), 
Pace 129. 
Ik (Gy) Bein ee (iii.) = cosh =" = 
as EG Ps : : LO l=2 
i.) 2 tanJ/1 +422, \ sinh 
(ii.) 2 tan +27. (iv.) — sinh elas 
(v.) Je?+2+1-4 sinh-! = sinh -! a a 
a aay, 1 
(i). 2 Viil. 2cosee!( Jz + =e): 
(vii.) + sa(s)} 
nat a 
_j(a2+B2)2?2 — at — 4 
2) =p ‘P= Pat aka ot 
Gn) ifaSe 
1 ENE Gy w+ 
t ty ieete h-1 @ 
Dae se a-¢c ae Gg tne w+ a? 


with a aS, real form if a< e. 
pe Ve cos*9+6 sin’O+e 
1) — = cosh 
an) Tet Tee sin 6 
1 
oe, 
@) V(cos a — cos B\(cos a — cos y) 
2 = 1 ee See 
cos 7+cosa cosa—cos 3 cos a—cos y 
1 oe 
cosa—cos 8 cos a—cos y 


for the case cosa>cos B or cosy with modifications for 
other cases. 


x cosh 
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es 
J sin(a— B)sin(a — y) 
2 1 1 
tan z—cot at cot a—cot B cot a—cot y 
x cosh7! 7 7 ae 
cot B—cota cot y—cota 
6. (i.) ¢ low.(2e). (ii.) a (iii.) ee 
a 
hoe ey ae 
2 (Gt 373 (ii.) 4 log 2. (il.) 5 
13. (n>1) L =e ihe 
14, (i) log2-1. (ii.) Le (iii.) 0. 
Hon ie 
Mas, (Gh oak (ii.) a 
2k 
27. (i.) log,2. (aye Gin) c 
$ : Bey 
m4 
20ers) 30, e7}, 
CHAPTER IX. 
Pace 141. 
1. a(B- 
7. (i) a(.—4). (iii) Sf 0NTFR +sinh9 |” 
bs 2 1 ) 0, 
Gi.) (79-7; pee (iv.) 2a( cos 2 — cos #2), 
‘ 2 G2 4a 
es, i 
i a J/3 
Pace 151. . 


il “| 3 cosh-102— ia + an/44 a =e 
2 a a-—x2 In 
2. 8a. 3. The Cycloid. 
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af St tBestO V3 tog J1+3 cos?6+4%/3 cos 6 |” 


cos 6 ~ /1+3 cos? — V3 cos 6_] », 
2 2 3 
4[ (ab +9n8)' - eb +9, |. 15, 5a. 
CHAPTER X. 
Pace 158. 
4a? 

— 

. (a) sinh . (a) We"-1). 
(b) e-1, (e) log & Dobe, 
(c) 7 ae ee Po 2 NOSE Hy patog®, 

2 a a 
16a? ed Te) : 4) 
a 4, Sak yr b?—c?+absin 5)" 
2 
. 4a2. 6. 872, 7. — (4-7). 
Pace 160. 
Tat 4b? al 3, 7a 
5 (2 +0"). 2, =. 3. 
: ae Total area = 7% (m even), or ma (nm odd). 
nN 2 b 
@tan 2B cot a; 27 cot & _ a Baa 

Beast (e 1); “ce. sangha 
meena 6 a B-a 37a? 

+p log. a Ae ire 

Pace 167. 


2 
1. 37ra*. 3. 5 (tan w+ tan), 
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Pace 178. 
2 2 
1. 380%. 9). = 5. (9 —2)a?. 7 
r(+)r(2) 
9. (i) rab. (ii.) ae (iii.) 2mab— 2s, 
m being supposed odd. 
197 a8 o( 7 Ne 
10. (2 1 x) d (2-1 ~): 
LAG ree oie e Bose 26 
11. a2 log(V2+1)—341V2]. 14, G 32+ 24V3 — 3m). 
12. 4c%/2 sin- ae 17. 352a2,/2. 
B.S ae 3a? 
13. i ae), 21) ooo ea, 
ests 23 . 
2 
22, ee 2b%(e™ —1)62 4. 2b(4bmet™ — of™? 4.1)6 
s 6 
+ 8rr2b2%e™ — Arrbes™ 4 etoT v | 2 
61 
23 ma may 24. m even ma". n odd ma? 
Tele!) Se agree cea lnas 
2462 51ra? Tra? 
5 tg ete 30, ces Sno 
ele 4 4 
2 
28, 7 (o4+2). 32. at(1-), 40. ra(a—b). 
29. G10 + 94/3). 34, aX(r+2). 41. a2, 42. ra%/2. 
2n2 — b2m? an ab 
Ais =i : 
2Qm8n bm y 2m?n? 


AB 
A 


(Boh, — Wy) +8in BO, — Vy )cos BOY, + )]- 


5. Aan. — 6751), 


ima/2 
git 


2 oe 
44, (i) os (ii) 
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CHAPTER XI. 
Pace 187, 
. 41ra3. 3. ra%{ 3/2 — log(/2+1)}, . ene 
Pace 191. 
1. 27r?a*b. 2. Ara /2, ma5,/2. 


. If the sides be a, 6, c; s the semiperimeter ; and h,, hy, hz the 
distances of the midpoints from the given line, 


surface =27(ah, + bh,+ chs), 
volume = “(hy + hy+has(s— as —b)($—o). 


PaGE 193. 
. If a=rad. of base, 5. Qra*(log.2 — %). 
h=altitude, 6. Surface =327a?, 
/=slant height, volume =7a?, 
surface = zral, 8. 470°. 
volume =$7a?h. 10. yyra’. 
Pra 
. Arab’. 12, 8 2ra8 


15 


CHAPTER XII. 
Pace 201. 
4 2 
. (i) Mass="2, (ii) api Gil) uM“. (f=mass.) 
pe2ategptat? 


M= , 
(q+1)2p+¢+3) 
2p+qts, eet 2p+qt3, 


yp _*+ —_# ) 


2p+qt5’ qt+2° 2w+q+4 


bee qtl 2+qt+3 
(ili.) aes elas 


(i) 


(ii) Z= 
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3. # of length of rod from end of zero density. 


Tee lencth Ma? Ma Me 
ad faves) 5) 


2 i 8 i 
SOA en OE net 
ae aa gg mec Pa 
Paez 207. 


1. Let 20 be the angle, a the radius, the median the initial line, 


(a) 7=3 


a sin = (8) 3 ane 


2. B= 2a t about tang., 4 Mo + - aes eee) 
n+4 


(n+4)(n+6) ” 


about diam., 4Ma® (n+2)(n+3) 


(n+4)(n+6) 
4, 1f fue =—2—% and 9, — 22 9 
Mz — Mz Mz — Ms 


Mom. In. about w-axis = (qo +93)? + (3 +91)? + (G4 + 90)"t/12 
about y-axis=M{(p2+ ps)? +(p3+p1)2+(pi+P2) “12. 


6. Area = (27 +3,/3)a2/6, 


Fa 3a/3 
9(3V3 — 7) 

Mom. In. = Ma* v3 - NIE 

Pe T 


0 (% 2) @ tem, @) Sat 


“ni 


8. (1) M7, (a) eet 
9. (1) Z=0, 7-22 


(2) (a) bra’, (b) rar( 2x" =), 


(ce) Taras 


ep xery sii) (ee) 


10. 
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CHAPTER XIII. 


Pace 215. 
. atanwv—log sec v=y tan y—log secy+C, 
wy wy * 
aot ae DIEXOF 


. Ley taty+Oaetyt+l1)=1. 
. logV1+y2=log «+tan-le+ C. 


. 3 —e%) =H +0. 
(1) y= Cee, (3) (0-6) =a, 
(2) y=2ar+C. r=a0+C. 
im Vat ae +s log % ees i ity a when 7=0, 
at+ Are 
Pace 219. 


Uy ORR GES EE 
2. (a2 +b?)\y=asin bx —b cos ba + Ce-™. 


Ge +2 
3. rd=a +0. 
n+2 


1 (n=) 
=y! f hile =1+C 2, 
. 4ay=y + C. ya +Ce 
4 ween Y¥ =tan—"y+C, 13. eee 4 exo) 
“SID Y Lv" 
il i 
! yer*=Wa+C. 1B} =o at. 
alogz 2x 
2 2% 2 
ty? + an +S = Ce% 14, eet 1 + Ce 02, 
eel eo. Ge Beeeta) 
Ly oe" r a 
(2) = eat 16. = 1 4 Coin, 
Ly Oia (a Om 
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18. (1) —=5,+0. 


(2) (a?+6?)e”=asin ba —b cos bu + Ce-*, 
(3) siny/(l+2)=e+0. 
(4) Ay) + Pw) +1 = Cer, 


CHAPTER XIV. 
Page 223. 


il. ae log eta toe2=C, where v=y/s 


120+1-N73 
2. $ log(6v?+ v—3)+ log +log r=C, 
blog si "ig+14+V73 
where v=y/z. 
hee) 
EY 
4. The p-eliminant of y=a(p+p%), 
1 
and aS, ee 


5. The p-eliminant of y=a(Ap?+ Bp+0), and 
log «{Ap?+(B-1)p+C} 
2 Teena tc Ag sa 


st se ee = st. 
V4AC=(B=1) AAC (B= “yy es 
PaGeE 226. 
1. (y-2P=C(y+2). 2. (y—2P=Cly+4—2). 


3. Pipes Lo 41- -/3)- ap les (4 tl +y3) tog(r- D=0. 
. (a+b)log(y-—2+1)+(a—b)log(y+a-1)=C. 

. &©—yt+log(at+y)=C. 

. 6y —32=logBr+3y+2)+C. 

. 3x? + 4ay + 3y? — 10x —-10y+C=0. 

. o+y—4 log(Qx+3y+7)=C. 


onrtno fe 
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PaceE 230. 
1. y+1=Ce™, 3. y+ #(a+n)?-2a(ate)t=C. 
2 23 
2. y=Ztlog e+. 4, x(n+2a)= Cea, 


5. 4ac=y?+ 3ay— = log(2Qy+a)+C. 
6. soy | aa a _ u\ =A-x. 


7, Ta tips 8. y=$Aq?+2Bq+4+C, 


y= Ap’+ Bp’. 


BS het is 


on 


Y 


& 


l. y=p'r+p, 


C= 


(p—-1) 
2. y=apxt+p’*, 


pan BIOL neice: 
L fon ; 


3. y=p'u+p*, 


a p-1P= Siro) 7. y=apat bp’, 
4. y=(ptp?)e+ ‘| ape = — A 


1 
p'a=1 + Ae? 


y= 
i= 
GS 
i 
=(4-a)C-C?, (c-a)=4y. 

(y—CaXC-1)=C, Jat+Jy=1. 


logp—p+C 


a= Ag+ Bq’. 


Pace 232. 
Or+07, «*+4y=0. 
Cr+ C3, 27y?+4e2=0. 
Ca+O0", ny” *4+(n—-1)"-12"=0. 


Ca + aC? + 6%, £+%=1. 


Page 233. 


5. y= (PtP e+ 


1 
prn=(n—1)+ Adm 1p-?. 
6. y=2pxr+p", 
pa = — a oo +A. 


3a—2 


8. A rectangular hyperbola. 
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9. Parabolae touching the axes. 
10. Hyperbolae. 
11. A four-cusped hypocycloid ai+yiaai. 
12. 8y=(2x0—1)% 
13. y=Aet+ (1+ 422, 


—,2 sin?O-1 
cos* 
3c sin 
x2=log 
= §cos@ 
14. y?=Cxz? — pres , a series of conics touching the four straight 


lines e+ J — Ay=+¥GB, the singular solution. 


CHAPTER XV. 


PaGE 238. 
1. y=2logr+Ax+B. 6. e+b= Ire 
i —O, cosh (+0). ue ytb= | Na+} =a de. 
“| wt 
Roe eek b. f(t ae 
Ue. a log #+ 8 7 pte) +b 
_(#@+3a)? ret atyta 
4, ia a +6. 9. y=b tan Sa 
/ peers 
5. (w—-AP+(y-BY=a?. 10. «+A 4NI-" | sin-ly=0. 


1l. y= Bu? — Az log x. 


Pace 242, 
lL. w'y=e*+Ar?t+ Be+e. 
. (2? +8in x)y=cos «+ Ax?+ Bat C. 
3. (a) vy5— 3x7. + 6xy, +(a —6)y =e" + A. 


bo 


(0) 2ys—yot2=e +A. 


(0) wy, —Aarty,+ 16.x°y3 — 48x74. + 9607, 
— 96y+$(7? +4") =ax(log w—1)+ A. 


SS = 


Bl sp 


10. 


ik, 
12. 
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CHAPTER XVI. 
Pace 251. 


In the results of the following set all capitals denote arbitrary 
constants :— 


. y= Ae* + Be. 3. y= Ae*+ Be* + Ce™. 


y=Ae* + Be™ + Ce. 4. y=(A+ Bo)e*+ Ce-™, 


: y= Ae+Be? sin aS Cortes ~~ 


y=Ae* + Be-*+Csin v+D cos x. 


» Y=(A+ Bale +(C+ Da+ Ex*\e*. 


y=Asine+Beosx+ Oe *sin ae + De cos sie! 


y=(A+ Bo)sin «+ (C+ Da)cos x + (E+ Fa)e*. 
y=(A + Bot Co?)sin o+(D+ Let Fe?)\cos x 


+(G-+ Hoye § sin ® 884 14 Jaye feos ?a/8 


y=(At+ Bot Cx’)e?+ De*4+(L+Pa)e*sin 2 + (G+ Ha)e-*cos x. 
y=(A+ Br)sin ar +(C+ Dax)cos ax + EF sin ba + F cos bax 
+G@e sin = ne +He cos Use 


+ Teen wal) 5 Jee 20g Bee, 


Pace 254. 


LOS: Opto Ointh 


Pace 256 (First Set). 


ex? 
60 


: x 
» —e* sin 2, we'log.( = ). 
e 
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Pages 256 (Second Set). 


1. e%%(a2+ 62) 3cos (be tance ), SNE cos(2#—tan-2), 
a 


2-25 
o EG -7)- “aa sin(32— tan3)}, 


4(sin « cosh w—cos x sinh z). 


2. —4sin2x, $cosx, — 3%,sin 2x. 


Pace 258. 
4a(a?—1)sin ax +(a*t— 6a? + 1)cos ax ase 
a(a?+1) 
—2cos# cosh 2. 


e(sinxz—cosxz), 


Page 260. 
ae 7 2 Mod 
LS -50th sete eat 
2 5 19 ee Live 
2 (Eee), o(E-aem(ted) 
ac 169108)? < aaa A aig 


3. Lae sin 7+cos 2)" (20 + 2 )cos.ar— (« + *)sin al. 
2 10 5 5 


Pace 263. 
eo 
Tey pee (5) = 
(2) gee 2a (6) G(cosh x+cos 2). 
= 3 Lv em ght =) 
(3) 5 cosh 2. (7) rCaerall 7G abe 
iB 2 sin x sin?”, 
(4) e (e- 2). (8) G sin sin 5 


2. (1) y= Aye* + Age-* + de™. 
(2) y=A,e*+ A,e-* +44 sinh x. 
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(3) y= A,sin 2 + A,cos atye-* 4250 2 4 8 _—6e 


+ + (sin x —2 cos 2). 
(4) y=(A,+ Agr) + Aze-*+ A,e #sin as 


+ Ae Pas 9x7), 


Wk 
24 ‘ 


(6) y=Aje* + A,e?@+v3iz4. 4 eae +2£+3. 


(5) y=A, + Agr t+ Aju? + Aye*+ A;e-* — 


(7) y=4Aye*+ Aye @sin = + A,e #cos oe 
+4{(@-3)cos#—2x sin x}. 
(8) y= Aye" + Age-* — F{(l0e-+2)c08 10+ (52° — 14)sin x}. 


(9) y= Aye*+ Age~*—} cos x cosh x 


o . (hea 
+2 sin x sinh + 


log(ae)log(“) 
(10) y=(A,+ Age)e*+ (Ag+ Ayx)sin 7+(A,+ Agx)cos x 
+4—-sh2%sin +2 bart 2. 
PaaE 265. 
1. y=A,sin(g log x) + A,cos(q log x). 
2. y=A,sin(q log #)+ A,cos(g log x) +\—8 "7 (log ay aie 
7 
ae *sin(log v) — 2 cos(log wv) _ log # cos(q log a) 
git+4 2q 


By y= +A, Vasin( “3 log r) + AN e0s( X¥1og.2) +5 loge. 


4. y= Ai + Ayrt Agrlog a+ oe 


5. y= Aysin{d log(a+ be) + A,cos} 4 log(a+ bx). 
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CHAPTER XVII. 


Pace 269. 
1. 2a? +y?=6. 3. r=be-2 tana, FO cone 
¢ 
PaGE 276. 
1. Put Y=22; y2=x7—2274+20+4 Cre 
2. Put tany=z; tany=Acosx+Bsinz+z. 
3. Put at+br=e'; y= Oar bayn+ Dat balm — 9, + eee 


eS Mo RS TS 


where m,, m, are the roots of the equation 
b?m? + (Ab — 6?)m+ B=0. 


. Put z=tan-w 3 y=(Av+ BN 142. 


Put z=sin~w ; y=A sin(n sin-1z)+ B cos(n sin-12). 


, Put #=§, =n; (e+ 1oe*= A. 
* Put sina=&, siny=7 ; (sin y— sin 7+ 1)e"*= A. 
. (a) y= Ae* + Be*sin 3a + Ce**cos 3x. 


(6) y=(A+ Buje-* +2 cosx+3 sin x 
(c) y= Az*sin(log v)+ Bucos(log 7). 


. ¥+2=A sin 324+ B cos 3x+ Csin 4x + D cos 42, 


3z= —6(A sin 37+ Bcos3v)+(Csin 4x + D cos 42). 
10. y=Ae™. ll. y=kx?+ AxtB. 
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